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1 Introduction
Theindentationofdeformableplasticlayershasbeenstudiedextensivelyfordetermining
theverticalbearingcapacityofrigidstripfootings.Thesolutionstothisclassicproblem [14  9] use the method of characteristics to determine an upper bound on the
pressureunderneathaverticallyloadedindenterplacedontoanidealisedsemi-iniﬁnite
rigid-plastic foundation. These studies for a homogeneous half-space have been
extended to consider non-homogeneous plastic solids [17  15]; irregular shaped bodies
[18];rollingcontacts[11 4]andaxisymmetricgeometries[16 6 3].Theconnectionto
aﬁnitelayerhasalsobeen consideredfortheplasticﬂowbetweentworoughparallel
plates being forced together [14  9], with application to the ﬂow near the end of a
glacier[13].However,apartfromafew excep tions,mostproblemsrequirenumerical
integrationalongcharacteristiccurvestocalculatethepressure.
Morerecently,thebehaviourofaﬁniteplasticlayerhasbeenexploredthroughthe
useofviscoplasticﬂuids.Viscoplasticlubricationtheoryhasbeenusedtomodeltheﬁnal
shapeofatwo-dimensionalslump[5]andtheconﬁnedﬂowofviscoplasticﬂuidbetween
rigidmovingboundaries[8],whereasymptoticexpansionisbasedonthesmallaspectratio
. This formulation provides a more simple approach to calculating the plastic deformation
of a shallow layer.
One application of studying the indentation of deformable plastic layers is in understanding the formation of footprints. Tracks and traces are of particular interest when studying
extinct animals as they provide evidence for behaviour, paleoecology and evolution [7]. A
number of studies have investigated the relationship between the indenter shape, the indentation left behind and the rheology of the substrate to try and deduce what characteristics
can be determined from tracks and traces of distinct animals. Simple indentation models [1] have been used when looking at subfossil mammalian tracks in the Severn estuary.
These experiments consisted of indenting an axisymmetric indenter into a layered plasticine
structure and showed qualitative agreement with the essential features of track formation.
Other experimental work has focused on practical ﬁeld studies such [12] looking at live emus
or clay. They found that footprints from the same trackmaker can appear morphologically
diﬀerent according to the properties of the sediment, and hence shows that care needs to be
taken to understand the original rheological conditions of the substrate at the time of track
making. More recently, numerical studies have been used to simulate the indentation of a
deformable layer [2]. They used a ﬁnite-element simulation to study the depth versus

pressureexertedduetoarigidhumanfootindentinganelastic-plasticsubstratewithand
withoutaﬁrmsubsurfacelayer. Theyfoundthatdependingonthedepthoftheinitial
deformablelayer,regionseitherindenteddeeperorshallowerthanexpectedfromthepeak
pressureinthatregion.Thisworkdemonstratedtheimportanceofunderfootconsolidation
inalteringwhensedimentisabletoresistdeformationunderloadandsupportlargerpressures.Theselaboratoryandnumericalstudiesdescribedabovedemonstratethecomplexity
ofunderstandingtheformationoffootprintsandtheleadingordereﬀectssubstraterheology
andfootmorphologycanhave.However,asimplequantitativeapproachtounderstanding
thecharacteristicsoffootprintshasyettobetaken.
Inthisstudy,wewillexploretheindentationofdeformableplasticlayersbybuildingon
thecurrentadvancesinviscoplasticlubricationtheory.Inparticular,wewillconsiderthe
verticalindentationofashallowviscoplasticlayerbyaﬂat-basedandcylindricalindenter.
Wehopethiswillgiveinsightthedominantbalancesinplasticdeformationwithapplication
tofootprintformationamongstmanyotherinterestingproblems.

2 Theoretical.odel:Loading
Wewishtounderstandthedeformationofaplasticlayerbyarigidindenter. Todoso
weconsidertwostages:i)loadingstage,whereindentationisduetoagivenforce,andii)
liftoﬀstage,wheretheindenterliftsoﬀthedeformedsubstrateatagivenspeed.Inallof
theanalysistofollow,weassumeatwo-dimensionalgeometryandthatthemotionofthe
indenterisalwaysperpendiculartothesubstrate.
Tomodelthesubstrate,weconsidertwodiﬀerentrheologies:apurelycohesivemodel
withcohesionτY todescribeamud-likesubstrate,andsecondlyanon-cohesivemodelwith
angleoffrictionφtodescribeagranularsubstratesuchasdrysand. Duringtheloading
stage,arigidindenterdeformsthesubstrateduetoagivenforceF .Weconsiderﬁrstlythe
indentation of a shallow viscoplastic layer and then outline current theory for the indentation
ofadeepplasticlayer.

2.1 Shallowlayer
WeuseviscoplasticlubricationtheorywithaBinghamrheologyasavehicleforunderstandingashallowplasticlayer[8].Weconsiderthedeformationofauniformlayerofviscoplastic
ﬂuidofheighth0 ,densityρ,viscosityμwithanindenterofgeometryη(x),andcharacteristiclengthscalex0 . Theheightoftheindenterisgivenbyh(x, t)=δ(t)+η(x),where
δ(0)=h0 ,for−L<x<LwhereListhecontactpointontheindenter.Thefree-surface
heightoftheﬂuidoutsideofthisregionx>Lisalsodeﬁnedash(x, t).Weconsidertwo
particularcases:(a)whenthethecontactpointLisﬁxedforexampleaﬂatindenterwith
corners,η(x)=0,and(b)whenthecontactpointLismovingandtheindenterhassome
geometryη(x)forexampleacylindricalindenteroraﬂatindenterwithroundededges.In
case(a)wewouldliketosolvefortheheightthefree-surfacereachesupthesideofthe
indenterh(L, t)=hL (t),whereasincase(b)wewouldliketosolveforthecontactpoint
L(t)andhencecalculatehL (t)=δ(t) + η(L),seeﬁgure1.
Theshallow-layerapproximationcanbeusedwhenthecharacteristiclengthscalesare
muchgreaterthanthecharacteristicheightscales,x0h0 .






 

 


 






 

 

Figure 1: Schematic of (a) ﬂat-based indenter, η(x) = 0 and (b) cylinder, η(x) =

2.2

1
2
2Rc x .

Bingham rheology

To parametrise the viscoplastic layer we consider a Bingham rheology. A Bingham rheology
is one in which the stress tensor varies linearly with strain rate provided the stress is above
a given yield stress. Below this yield stress the strain rate is zero. This can be summarised
as follows


τY
+ μ γ̇ij
|τ | > τY ,
(1)
τij =
γ̇
γ̇ij = 0
otherwise,
(2)


1
1
where γ̇ =
2 γ̇ij γ̇ij and τ =
2 τij τij . The form of the yield stress τY depends on the
rheology of the substrate. For the purely cohesive case, the yield stress is constant and for
the non-cohesive case the yield stress varies linearly with pressure, τY = p tan φ, where φ is
the angle of friction.
Assuming horizontal scales x0 are much larger than vertical scales h0 , the thin ﬁlm
approximation can be used such that
∂
∂

.
(3)
∂x
∂z
These scales allow O( = h0 /x0 ) terms to be identiﬁed in the momentum equation and the
strain rate tensor, and hence gives
uw

and

∂
τxz =
∂z
0 =

∂p
,
∂x
∂p
+ ρg.
∂z

(4)
(5)

The pressure can then be integrated to give
p = P + ρg(h − z),

(6)

where P is the pressure at z = h. Substituting into the momentum equation then gives the
stress as a function of x and z,


τY
τxz = Txz + (Px + ρghx )(z − h) ≡
+ μ uz for |τxz | > τY ,
(7)
γ̇

where Txz is the stress at z = h. The model can be split into two regions: region 1 below
the indenter −L ≤ x ≤ L ; and region 2 outside the indenter x ≥ L. In region 1 there
are no-slip conditions on the top and bottom boundaries generating a squeeze ﬂow beneath
the indenter. In region 2 there is a free-surface on the top boundary giving a zero stress
boundary condition there.

2.3 Purely cohesive, τY = constant

2.3.1 Free-surface ﬂow
For the free-surface ﬂow Txz = 0 and P = 0 due to the zero normal stress condition on the
top surface. From equation (7) in section 2.2 we then have
uz =

sgn(uz )
(Px + ρghx )
(z − h) −
τY .
μ
μ

(8)

The sgn(uz ) is required because the ﬂuid is yielded when |τ | > τY . Rearranging the equation
for the velocity gradient gives an expression for the yield surface Y when γ̇ ≡ |uz | = 0,
uz = −

ρghx
(Y − z)
μ

where

Y =h+

τY
.
ρghx

(9)

Integrating and using the no-slip boundary condition at z = 0 gives velocity ﬁeld
ρghx
(2Y − z)z
2μ
ρghx 2
Y
u = up = −
2μ

u=−

0 ≤ z ≤ Y,

(10)

Y ≤ z ≤ h,

(11)

where up is the plug velocity. Integrating the free-surface ﬂux and then applying local mass
conservation gives a governing equation for the evolution of the free surface

∂h
ρg ∂ 
=
hx Y 2 (3h − Y ) ,
∂t
6μ ∂x

FFS = −

ρghx 2
Y (3h − Y ),
6μ

(12)

where F F S is the net horizontal ﬂux.

2.3.2 Squeeze ﬂow
Underneath the indenter there is a squeeze ﬂow as ﬂuid is pushed out the way by the
indenter. The no-slip boundaries conditions give a parabolic proﬁle suggesting there is a
plug region in the centre at the turning point where uz = 0. We can also assume symmetry
about the centre line z = h/2 and hence apply boundary conditions
u=0

at

z = 0,

The stress can the be written as
τxz

uz = 0 ⇒ τxz = 0


h
= (Px + ρghx ) z −
2




≡

at

z=


τY
+ μ uz .
γ̇

h
.
2

(13)

(14)

As in the free-surface case, this can be rearranged to give the velocity gradient in terms of
the yield surfaces Y± for z < Y− and z > Y+ ,


h τY
Γ
±
,
(15)
uz = − (Y± − z) where Y± =
μ
2 |Γ|
and Γ = Px + ρghx is the reduced pressure gradient. The squeeze ﬂow ﬂux can be found by
integrating the velocity gradient

FSF = 2

h
2

0


u dz ≡ 2

Y−

0






h
Γ 2 3h
− z uz dz = − Y−
− Y− .
2
3μ
2

(16)

Hence, applying local mass conservation with h(x, t) = δ(t) + η(x), the governing equation
for the pressure gradient can be written as
Γ
xδ̇ =
3μ



h τY
−
2 |Γ|

2 

τY
h+
|Γ|


.

(17)

2.3.3 Global mass conservation and equation of motion for δ(t)
We consider global conservation of mass to relate the depth δ to contact length L. By
considering the area underneath the indenter, global conservation of mass can be written
as a sum of integrals in the two regions,
 L
 L0
η dx +
hF S dx,
(18)
h0 L0 = δL +
0

L

where L0 is the half-length of the deforming substrate, see ﬁgure 1. To close the system,
the equation of motion for δ(t) can be written as,

mδ̈ = −mg + 2

L
0

P dx,

(19)

where m is the mass per unit width of the indenter and g is the acceleration due to gravity.

2.3.4 Non-dimensionalisation
We non-dimensionalise vertical and horizontal lengthscales by the initial depth of ﬂuid h0 and
characteristic lengthscale of the geometry x0 respectively. A scale for the pressure is deﬁned
by balancing the normal force due to the ﬂuid with the weight of the indenter. Finally, a
timescale is deﬁned by balancing the inertial forcing with the weight of the indenter. Hence,
non-dimensional variables can be deﬁned as,
 1/2
g
x
t
h
P
x0
x̂ =
P, t̂ =
, ĥ =
, P̂ =
=
=
t.
(20)
x0
h0
P0
mg
t0
h0

Dropping the hat decoration, the governing equations for the free-surface ﬂow, the
squeeze ﬂow and the evolution of δ(t) then reduce to

R ∂ 
B
hx Y 2 (3h − Y )
with Y = h +
6 ∂x
Rhx

2 

B
B
Γ h
−
,
h+
V xδ̇ =
3 2 |Γ|
|Γ|
 L
 L0
L0 = δL +
η dx +
hF S dx
0
L
 L
δ̈ = −1 + 2
P dx,

V

∂h
∂t

=

0

(21)
(22)
(23)
(24)

with parameters
B = τY x20 /mgh0 ,

R = ρx0 h0 /m,

and

V = μx30 /mh20



gh0 .

(25)

The Bingham number B characterises the strength of the substrate, R controls the inﬂuence
of gravity and V the inﬂuence of viscosity. This model is valid until δ̇ = 0 at which point
the squeeze ﬂow turns oﬀ and the layer plugs up.

2.3.5

Plastic limit, free-surface

In the plastic limit, as V → 0, the terms involving time dependence in the free-surface and
squeeze evolution equations are small and hence the ﬂow becomes quasi-static. For the
free-surface ﬂow this implies Y = h + B/Rhx → 0, hence
B
hhx = −
R


⇒

h=

h2L

2B
(L − x)
+
R

1/2
.

(26)

2.3.6 Plastic l imit, squeeze ﬂow case (a): ﬂat-based i ndenter, η(x) = 0, x0
=L
In the plastic l imit, the yield s urfaces Y± =h/2 ∓B /(Px +Rhx) in the s queeze ﬂow also
tend t o the boundaries, Y− → 0, Y+ → h implying
h
B
=−
.
(27)
2
Px + Rhx
Assuming further that R  1 so the hydrostatic pressure is small, the pressure in the
squeeze ﬂow can be solved for with boundary condition P (x = 1) = R(hL − δ)  1,
Px = −

2B
δ

⇒

P =

2B
(1 − x).
δ

Substituting the pressure into the evolution equation for δ we have,

4B 1
2B
δ̈ = −1 +
,
1 − x dx = −1 +
δ 0
δ

(28)

(29)

Figure2:PotentialenergyV (δ)againstdepthδfortheﬂat-basedindenter(solidlines)and
the parabolic indenter (dashed lines) and two values of the Bingham number 2B=1,1/3 ln 3
givenbytheblueandredlines respectively.
whichdeﬁnesequilibriumdepthδeq=2Bwherethenormalforceduetotheﬂuidbalances
theweightoftheobject.Multiplyingbyδ̇theenergyequationcanbederived,andhence
anexpressionfortheﬁnaldepthoftheindenterδf ,
1+

δ̇02
= V (δf ) = δf − 2B ln δf .
2

(30)

The minimum value of V (δ) is attained at the equilibrium depth δ = δeq = 2B, with value
V (δeq ) = 2B − 2B ln 2B. When δ̇0 = 0 and 2B < 1 (δeq < 1), the indenter sinks to a height
δf . However, when δ̇0 = 0 and 2B > 1, the equilibrium depth is above the height of the
layer. This is because the layer is not suﬃciently stressed to deform so the indenter remains
on the surface with δf = 1, see ﬁgure 2.
2.3.7

Plastic limit, squeeze ﬂow case (b): parabola η(x) = 12 x2 , x0 = (Rc h0 )1/2

In the case of a parabolic indenter (local approximation for a cylinder), the pressure gradient
can be written as,
2B

(31)
Px = −Rx − 
1 2 .
δ 1 + 2δ
x
The normal force due to the ﬂuid is given by


 L
 L
 L
1 2
2Bx
2RL3
2

2
+ 4B ln 1 + L .
P dx = −2
xPx dx = 2
Rx + 
1 2 dx =
3
2δ
δ 1 + 2δ
x
0
0
0
(32)

Unlike the ﬂat-based indenter with ﬁxed L, for the parabola the evolution of δ(t) is coupled
to the evolution of L(t). Global conservation of mass gives
L3
R
− L(1 − δ) +
(2hL + 1)(hL − 1)2 = 0.
6
6B

(33)

In the limit of R  1, the conservation of volume reduces to L2 = 6(1−δ), hence the energy
equation for δ can be written as


1
δ̇02
+ 1 = V (δ) = δf + 4B
(3 − 2δf ) ln(3 − 2δf ) + δf ln δf .
(34)
2
2
Figure 2 plots the potential energy V (δ) against the depth of the indenter. The minimum
point is given by δ = δeq = 3/(exp(1/4B) + 2) which tends to 1 as the Bingham number
diverges. For δ̇0 = 0, the parabola appears to reach the bottom provided 2B < 1/3 ln 3. In
general, equation (34) suggests the parabola reaches the bottom of the initial layer provided
the initial speed of the indenter is suﬃciently large,
δ̇02 > 2(6B ln 3 − 1).

(35)

However, in the plastic limit there will always be a thin viscous layer between the parabola
and the base of the substrate. This is violated in this case because the assumption that the
yield surfaces tend towards the boundaries, Y− → 0, Y+ → h, breaks down as δ → 0. If we
rescale the variables in terms of δ, x̂ = x/δ 1/2 , ĥ = h/δ, for η(x) = η0 xn , then we have
Vδ

1
− 32
n

Γ
δ̇ =
3



h
B
−
2 |Γ|

2 

B
h+
|Γ|


.

(36)

Forn>0thelefthandsidedivergesasδ→0suggestingwearenolongerinthequasistatic
limitsotheapproximationofY−→0,Y+→hisnotvalid.Hence,equation(34)doesnot
holdforsmallδ.

2.4 Numericalsolution
The full system EFTDSJCFECZFRVBUJPOT (21¦24) can be solved numerically using
MATLAB’s in-built solver ODE15s. Figure 3 shows the numerical solution for
parameters V = 1, B = 1 and R = 1 with initial condition δ̇0 = −2. Figure 3(a-c)
show
T the position of the cylinder, yield surfaces and free-surface proﬁle at time
intervals t = 0.02, 0.14 and 0.26. Figure 3(d) plots depth of the cylinder δ(t) with
timetoitsstoppingpositionatδf =0.71, t=0.29.Inﬁgure3(a-c)thereappearsto
beadiscontinuitybetweenthesqueezeﬂowandfree-surfaceﬂowasindicatedbythe
transition from two yield surfaces to one. This is because there is an O(1) aspect
ratio region at the contact line x = L which is not captured by the lubrication
model,wheretheyieldedandplugregionssmoothlytransition.Insteadthelubrication
modelmatchesthetworegionsbytakingthehorizontalvolumeﬂuxtobecontinuous
atx=L.

Figure 3: Full numerical solution for a parabolic indenter dropped onto a pure cohesive
substrate with δ̇0 = −2, V = 1, B = 1 and R = 1 plotted at (a) t = 0.02, (b) t = 0.14, and
(c) t = 0.26. The coloured lines indicate the edge of cylinder (black), free surface (blue),
yield surfaces in the squeeze ﬂow (red), and yield surfaces in free surface ﬂow (green), with
black dashed lines separating the squeeze ﬂow and the free-surface ﬂow. The squeeze ﬂow
plug, free-surface plug and cylinder are shaded in red, green and grey respectively. (d)
Height of the cylinder with time. Blue dots are plots are t = 0.02, 0.14, 0.26 and the black
dot is ﬁnal resting place of cylinder when δ̇ = 0 at δf = 0.71, t = 0.29.

2.5

Mohr-Coulomb τY = p tan φ

In a Mohr-Coulomb model, the stress tensor can be written as
γ̇ij
τij = τY
where τY = c + p tan φ,
γ̇

(37)

where c is the cohesion and φ is the internal friction angle. For generality, we will consider
c = 0 to begin with and then take c = 0 for the non-cohesive case. As in the Bingham
model, we regularise by adding a viscous term in order to solve for the ﬂow ﬁeld. This gives


c + p tan φ
τij =
+ μ γ̇ij .
(38)
γ̇

2.5.1 Free-surface ﬂow
For the free surface ﬂow p(z = h) = 0, which gives
μu = (−ρghhx − c − ρgh tan φ) z +

1
(ρghx + ρg tan φ) z 2 .
2

(39)

Setting uz = 0 deﬁnes the yield surfaces
Y =h−

c
.
ρg(|hx | − tan φ)

(40)

As in the pure cohesive case, the governing equation for h can be found by considering local
mass conservation to give


∂h
∂ ρg(hx + tan φ) 2
=
Y (3h − Y ) .
(41)
∂t
∂x
6μ

2.5.2 Squeeze ﬂow
The squeeze ﬂow is treated in a similar manner to the pure cohesive case. In the bottom
yielded region, the velocity gradient can be integrated to give the velocity for 0 < z < Y−
z
− Y− ,
(42)
μuz = Γ(z − Y− ) + ρg tan φ(z − Y− ) ⇒ μu− = (Γ + ρg tan φ)z
2
where Γ = Px + ρghx . Similarly, the velocity in the top yielded region for Y+ < z < h can
be written as


h
z
μu+ = (Γ − ρg tan φ) z
− Y+ − h
− Y+ .
(43)
2
2
One equation for the yield surfaces is given by matching the plug speeds, u− (Y− ) = u+ (Y+ ),


−Γ − ρg tan φ 1/2
Y − = Y+ .
(44)
h−
−Γ + ρg tan φ
Another equation is given by setting the top and bottom boundaries to be at the yield stress
−Γ(Y+ − Y− ) = 2c + 2P tan φ + ρg tan φ(2h − Y− − Y+ ).

(45)

Depth integrating the velocity and applying local mass conservation an ODE for the pressure
P can be found,

(Γ + ρg tan φ) 3 (Γ − ρg tan φ)  3
Y− −
Y+ − 3Y+ h2 + 2h3 .
(46)
−xδ̇ =
6μ
6μ

2.5.3

Non-dimensionalisation

We non-dimensionalise as in section 2.3.4 which gives the additional non-dimensional parameter Φ = hx00 tan φ which controls the inﬂuence of the angle of friction φ. The Bingham
number is now written as B = cx20/mgh0.

2.5.4

Plastic limit, free-surface

In the plastic limit, Y → 0, and equation for the quasistatic free surface h(x, t) can be found
hhx
= −Φ,
(47)
B
RΦ + h

Using boundary condition h(L, t) = hL , this can be integrated to give

B
h + RΦ
B
ln
= (L − x)Φ.
h − hL −
B
RΦ
hL + RΦ

(48)

In the non-cohesive case, B = 0, the free surface proﬁle in the plastic limit reduces to the
linear proﬁle with gradient given by the angle of friction φ,
h − hL = (L − x)Φ.

(49)

2.5.5 Plastic limit, squeeze ﬂow case (a): ﬂat-based indenter η(x) = 0, x0 = L
In the plastic limit, the yield surfaces tend to the boundaries, Y− → 0, Y+ → h = δ(t).
Hence, this gives
(50)
−Px δ = 2B + 2ΦP + RΦδ.

Multiplying by an integrating factor and using boundary condition P (x = 1) = R(hL − δ),
an expression for the pressure can be found


 


B Rδ
2Φ
Rδ B
P =−
+
+ RhL −
+
exp
(1 − x)
(51)
Φ
2
2
Φ
δ
The equation of motion for the depth of the indenter in the non-cohesive case is then given
by


 
2Φ
Rδ
δ
RhL −
1 − exp
.
(52)
δ̈ = −1 − Rδ −
Φ
2
δ
A relationship between hL and δ is found by considering global mass conservation
1
(53)
1 − δ = (hL − 1)(L0 − 1) ⇒ hL = 1 + (2Φ(1 − δ))1/2 .
2
The force balance equation can then be integrated to give an expression for δf in terms of
initial condition δ̇0 and parameters Φ and R,


 

 δf
2Φ
2(1 − δ) 1/2
δ
δ̇02
−
1+
= δf + R
1 − exp
dδ.
(54)
δ+δ
2
Φ
2Φ
δ
δ0
Figure 4 plots the ﬁnal depth δf as a function of Φ and R (blue and red solid lines). For
small 1/R, the ﬂat-based indenter sits on the surface of the plastic layer with δf = 1. As
in the pure cohesive case, this deﬁnes a yield criterion as a function of parameters Φ and R
where the layer is not suﬃciently stressed to deform.

Figure 4: Plot of the ﬁnal depth δf as a function of 1/R for a ﬂat-based indenter (solid
lines) and parabolic i ndenter ( dashed l i nes) with Φ =
1, 2.

2.5.6 Plastic limit, squeeze flow case (b): parabola η(x) = 21 x2 , x0 = (Rc h0 )1/2
For a parabolic indenter, h = δ(t) + 12 x2 , the pressure in the squeeze ﬂow is given by
Γ = Px + Rx. Hence, in the plastic limit




1 2
1 2
(55)
−(Px + Rx) δ + x = 2B + 2ΦP + RΦ δ + x .
2
2
In the non-cohesive case,
Px +

2ΦP
= −R(x + Φ).
δ + 12 x2

(56)

This can be integrated with boundary condition P (x = L) = R(hL − δ). Substituting the
pressure into the force balance equation, together with global mass conservation


2

1
δ + L2 − 1
2



1
= 2Φ L(1 − δ) − L3 ,
6

(57)

andintegratingtwice,anexpressionforδf canbefoundintermsofδ̇0 andparametersΦ
andR,seesection2.5.5.Figure4plotstheﬁnaldepthδf asafunctionofΦandR(blue
andreddashedlines).

2.6 Deepplasticlayer
Thusfarwehaveconsideredashallowlayerofviscoplasticﬂuidinordertounderstand
thedeformationofashallowplasticlayer. Thecaseofadeeplayerhasbeenstudied
extensivelyusingthemethodofcharacteristics[14 9].Thesestudiescalculatethepressure

underneath a ﬂat-based indenter placed onto a rigid-plastic half-space by the construction
of sliplines. We outline here the method for constructing sliplines and state two key results
for a purely cohesive and a non-cohesive substrate. We then describe three possibilities for
the free-surface displacement.
In the deep layer limit, we require the full force-balance equations
∂σz
∂τxz
+
= 0,
∂x
∂z

∂σx ∂τxz
+
= 0,
∂z
∂x

(58)

where σx and σz are the normal stress components in the x and z directions respectively
2 = 4τ 2 , the stress
and τxz is the shear stress. Requiring yield condition (σx − σz )2 + 4τxz
Y
components can then be written in terms of new parameter θ,
σx = −p + τY sin 2θ,

σz = −p = −τY sin 2θ

and

τxz = τY cos 2θ.

(59)

Substituting the parametrisation (59) into the full force-balance equations (58) and diﬀerentiating, equations for p and θ can be found




∂
∂
∂
∂
+ sin θ
(p + 2τY θ) = sin θ
− cos θ
(p − 2τY θ) = 0.
cos θ
(60)
∂x
∂z
∂x
∂z
These deﬁne two sets of characteristics (α and β characteristics) along which quantities
p ± 2τY θ are conserved. To solve for the slipline ﬁeld the quantities p and θ ﬁrst need to be
deﬁned along some boundary. The values of p and θ are calculated elsewhere by integrating
along the characteristics equations (60) from a region of known information.
For the case of a pure cohesive plastic layer where τY = constant, the pressure underneath an indenter of contact length a = 2L can be calculated analytically and is given
by
p = τY (2 + π),
(61)
[14]. The force per unit length is therefore F = τY (2 + π)a. For the case of a non-cohesive
material such that τY = p tan φ, the pressure is given by
1
p = ρgNγ a,
2

(62)

where Nγ = 6.5 is a Terzaghi coeﬃcient [19 3] calculated numerically, with force per unit
length F = 12 ρgNγ a2 . These expressions for the force F describe the initial condition where
a ﬂat-based indenter of contact length a is placed onto the ﬂat surface of a deep plastic
layer. Hence, this theory can only be extended to small deformations of the layer where the
surface can be approximated as horizontal.
For a ﬂat-based indenter, comparing the weight of the indenter with the force exerted
by the plastic layer gives a yield criterion for when the indenter can deform the substrate.
For example in the pure cohesive case, the indenter will deform the substrate provided
τY ≤

mg
,
(2 + π)wa

(63)

where m and w are the mass and length of the indenter respectively. To determine the
equilibrium depth of the indenter, the velocity ﬁeld must be calculated to update the free

surface, and hence calculate the new force exerted by the plastic layer. An iterative numerical approach can then be used to determine the depth at which the forces are in balance.
For the case of a parabolic indenter, the increasing contact length with depth of indentation means more progress can be made analytically. Again, for the pure cohesive case,
equating the force exerted by the plastic layer with the weight of the indenter gives a contact length a = mg/τY (2 + π)w. The contact length must now be related to the depth of
the indentation. Figure 5 shows possible relationships between contact length a and depth
of indentation d. Figure 5(a) shows when the layer is allowed to compact such that there
is no free-surface deformation, in contrast to the previous formulation where we assumed
1
incompressibility. As a result the free surface remains horizontal with d = 2R
(a/2)2 for
c
shallow depths d. In ﬁgure 5(c) we have considered when gravity is neglected giving a
1
vertical free-surface. Conservation of mass then implies d = 6R
(a/2)2 . We anticipate the
c
free-surfacetobeinbetweenthesetwoend-memberssuchasﬁgure5(b).Forthepure
cohesive case, the free-surface displacement for shallow indentations can be found
using the slipline calculations [18]. For small deformations due to the curved surface
ofacylinder,thevelocityonthesurfaceoftheplasticlayerisshowntobe

−V 0 ≤ x ≤ a/2
v(x, t) =
(64)
V
a/2 ≤ x ≤ a,
where the length of the deformed region outside is the same as the half-length of the indenter
due to the symmetry of the slipline ﬁeld. And hence, the deformed region outside has
proﬁle [18]
a 2
2
x2
where d =
.
(65)
h=d−
14Rc
7Rc 2
For the parabolic indenter, the contact length and depth as function of the mass of the
indenter are therefore given by
a=

mg
,
τY (2 + π)w

d=

1
14Rc



mg
τY (2 + π)w

2
,

(66)

for a pure cohesive substrate, and

a=

2m
ρNγ w

1/2
,

d=

2m
,
14Rc ρNγ w

(67)

for a Mohr-Coulomb substrate.
In this section we have described a theoretical model for the loading stage of indentation
where either a ﬂat-based or parabolic indenter is placed onto a shallow plastic layer. We
have also outlined the current theory for indentation of a deep plastic layer using the method
of characteristics to build up a slipline ﬁeld. In the next section we will describe experiments
of indentation into shallow and deep layers with the aim of making comparisons with the
theory described.

















Figure 5: Schematic showing possible relationships between contact length a and depth
1
indented into the plastic layer d. (a) Pure compaction d = 2R
(a/2)2 , (b) some deformation
c
1
1
1
2
2
outside 6Rc (a/2) < d < 2Rc (a/2) , and (c) vertical free surface d = 6R
(a/2)2 .
c

3 Experiments
3.1 Setup
Experimentswereconductedtoinvestigatetherelationshipbetweendepth,contactlength
andmassforacylinderindentingadeformablesubstrate.Jointcompoundwasusedasa
Binghamrheologyandtwosizesofballotini(0.2mmand1mm)wereusedasMohr-Coulomb
rheologies,bothwithangleoffrictionφ=24.9 ± 0.7.Theexperimentalsetupisshownin
ﬁgure6.AclearperspexcylinderofradiusRc =0.076 mwasattachedtotheendof
a lever UIBU was allowed to rotate about a pivot. Weights were placed on the lever
and incrementally moved along to increase the moment, and hence mass on the
cylinder.Ascaleplacedontheinsideofthecylinderallowedthecontactarclength
tobemeasuredbyeye.Twocameraswerealsosetuptorecordthedisplacementof
thecylinder.Theﬁrstcameratookphotosparalleltothesubstratesurfacetomeasure
the depth of the cylinder, ﬁgure 6(b). The second camera was placed at a known
oblique angle to take photos of a laser line shone through the cylinder, ﬁgure 6(c).
This gave a second measurement of the contact arc length and depth as well as a
proﬁleofthefreesurfaceoutside.

3.2 Imageprocessing
Photographstakenparalleltothesubstratewereanalysedtodeterminethedepthofthe
indentation. Abluestriponthetopofthecylinderwasusedtotrackthedisplacement
betweenimages.Wefoundthatthecylindercompressedslightlyduetotheweightplaced
ontop.Asaresult,acompliancetestwascarriedouttomeasurethedeformationofthe
cylinderunderagivenloadwhenplacedonarigidsurface. Thisisthensubtractedfrom
themeasureddisplacements.
Photographs of the laser line taken at known oblique angle were analysed to
deduce the proﬁles of the indentations, see ﬁgure 7(a). Firstly, the red ﬁlter of the
imageistakentogetanintensityplotﬁgure7(b).Amovingaverageisthenusedto
smooth the proﬁles, with a lower threshold chosen to eliminate noise. The proﬁle is
then determined by calculating the weighted average along each vertical strip of
pixels,ﬁgure7(c)(bluesolidline).Thelaserlinewasimagedthroughthebottomhalf
ofthecylindercausingsomedistortionoftheproﬁletotakeplace.Thisiscorrected
forbysubtractingoﬀareferenceproﬁleofthe

Figure 6: Experimental setup. (a) Schematic of the experimental setup. (b) Sample photograph taken from the ﬁrst camera parallel to the substrate, and (c) taken from the second
camera at known oblique angle.












Figure 7: Image processing for joint compound experiment with h0 = 4 cm. (a) Image
of laser line, and (b) red ﬁltered image of laser line. (c) Detected displacement of joint
compound (blue solid line) and reference proﬁle of laser line projected through the perspex
cylinder (red solid line), edge of the cylinder indicated by vertical black-dashed lines. (d)
Final proﬁle of displacement.

cylinder resting on the surface of the joint compound with no mass, ﬁgure 7(c) (red solid
line), where the black-dashed lines indicate the edge of the cylinder. The ﬁnal displacement
proﬁle is given in ﬁgure 7(d) with the contact length a and the depth d indicated and
superimposed cylinder outline given by the black dashed line.

3.3
3.3.1

Joint Compound
Yield stress

A slump test can be used to measure the yield stress of the joint compound. From section 2.3.5, the ﬁnal proﬁle of a shallow slump of plastic ﬂuid is given by

h(x) =

2τY
(Ls − x)
ρg

1/2
(68)

whereLs istheradiusoftheslump,[10]. Bymeasuringtheradiusandcentralheight
ofaslumpofjointcompound,theyieldstresscanbemeasured,τY =ρgh20 /2Ls . Inour
experiments,theyieldstressismeasuredtobeτY =35 ± 5 Pa.
3.3.2 Loadingexperiments
Forthejointcompound,wecarriedoutaseriesofloadingexperimentswherethemass
onthecylinderwasgraduallyincreasedbymovingmassesalongthepivotlever. The
depth,δf ,andcontactlength,a=2L,wheremeasuredusingthemethodsdescribedin
section3.1.Figure8plotsthedepthandcontactlengthagainsttheappliedmassforfour
diﬀerentsubstrateheightsh0 =1,2,3and4cm. Figure8(b)showsexcellentagreement
betweenthecontactlengthmeasuredfromtheproﬁles(ﬁlledcircles)andthecontactlength
measuredbyeye(emptysquares). Asthedepthofthesubstrateincreases,thecontact
lengthsbegintocollapseontoauniversalcurve,seenbythecloseagreementbetweenthe
contactlengthsforh0=3cm(orangepoints)andh0=4cm(purplepoints).Thisistobe
expectedsinceash0increasesthereisatransitionfromindentingashallowlayerwherethe
depthδf isproportionaltoh0toindentingadeeplayerwherethedepthδf isindependent
ofh0 .Figure8(a)plotsthedepthagainstappliedmassandshowsthereisadiscrepancy
betweenthedepthmeasuredfromtheproﬁles(ﬁlledcircles)andthedepthmeasured
from tracking the side view of the cylinder (empty squares). The depth measured
from the proﬁles show a collapse of the data for larger substrate depths onto a
universalcurve(orangeandpurpleﬁlledcircles),consistentwiththemeasuredcontact
length,whereasthedepthmeasuredfromthesideproﬁlesshowacontinuedincrease
indepth.Inaddition,theproﬁlesseeninﬁgures7,9areinexcellentagreementwith
thetheoreticalcylindershapewithmeasuredradiusRc =0.076 m(blackdashedlines)
suggestingthereisnoerrorinconvertingtheproﬁlestodepths.Andhence,thelaser
line gives a more accurate measure of the depth of the indentation. On possible
reason the depth calculated from the side images disagrees could be that the
complianceofthecylinderisnotproperlyaccountedfor.Infutureexperiments,more
testsneedtobecarriedouttocharacterisethecomplianceoftheindenter.
Figure8alsoplotsthetheoreticalcurvesforthedeepplasticlayer(blackdashedlines)
and the viscoplastic layer (black dot-dashed lines).The deep theory is given by equation (66)





Figure 8:Loading experiments for a cylinder indenting a layer of joint compound.(a) Depth
withmassmeasuredusingthedetectedproﬁles(ﬁlledcircles)andthephotographstracking
thecylinderfromsideview(emptysquares).(b)Contactlengthwithmassmeasuredusing
thedetectedproﬁles(ﬁlledcircles)andbyeye(emptysquares).Thetheoreticalcurvesfor
thedeepplasticlayer(blackdashedlines)andtheviscoplasticlayer(blackdot-dashedlines)
areplottedforparametersτY =35 Pa,ρ=1517 kgm−3 ,h0 =0.01 m,Rc =0.076 mand
w=0.2 m.
andtheviscoplastictheorybynumericallysolvingtheforcebalanceoutlinedinsection2.3.7
withRnon-negligible. Qualitatively theexperimentaldatahasthesamecharacteristic
shapeassuggestedbytheshallowviscoplastictheorybutappearstodisagreequantitatively
byascalefactor.Intermsofthedeepplastictheory,initiallythecontactlengthappearsto
growlinearlyassuggestedbythetheorybutthenquicklydiverges.Thismaybebecause
thesurfaceofthelayercannolongerbeapproximatedashorizontal.
3.3.3 Proﬁles
Thedetectedfree-surfaceproﬁlescanalsobeusedtocomparewiththetheoreticalmodels.
Figure9(a-d)plotstheproﬁlesforlayerdepthsh0=1,2,3and4cmduetoappliedloads
m=0.24,1.05kg.Forthesmallestdepth,ﬁgure9(a),thetheoreticalcurve(26)isplotted
fortwovaluesoftheyieldstressτY =20and35Paandsuggestsasmalleryieldstress
thanmeasuredfromtheslumptestisrequiredtoﬁttheexperimentalresults.Asthelayer
depthincreases,theregionoverwhichdeformationoccursincreases.Forthelargestlayer
depth,ﬁgure9(d),thedeformationbeginstoreachtheedgeofthecontainingbox. Asa
result,theﬂowcanfeeltheinﬂuenceofthesidewallsandhencemobilisesalargerregion
ofthelayerthansuggestedbythetheoreticalfree-surfaceforthedeepplasticlayer(green
solidline). Inaddition,theproﬁlesoflayerdepthh0 =3and4cmsuggestthatmassis
notconserved.Thiscouldbeduetoanerrorzeroingtheproﬁleswiththereferenceimage
orﬂuidescapingthetestregion.Toexperimentallyincreasetheheightofthelayerdepth,
blockswereaddedintotheboxtodamasmallerregion. Anyﬂuidescapingthisregion
wouldcauseanapparentlossofmasswithindentation.



   



   





   



   

Figure9:Proﬁlesofloadingexperimentsforacylinderindentingjointcompoundforlayer
depthsh0 =1,2,3and4cm,(a-d)respectively,andappliedloadm=0.24,1.05kg
(bluelines).(Notechangeofaxes)Positionofthecylindergivenbytheblackdashed
lines.(a)Theoreticalcurvesforaviscoplasticfree-surfaceﬂowwithyieldstressτY=35
Pa(reddot-dashedline)andτY =20Pa(redsolidline).(d)Theoreticalcurvefora
deepplasticlayerfree-surfaceproﬁle(greensolidline).

3.4
3.4.1

Ballotini
Loading experiments

For the ballotini we again carried out a series of loading experiments for a range of substrate
heights h0 = 1 − 5cm with ballotini diameters 0.2mm (small) and 1mm (large). Figure 10
plots the depth and contact length against the applied mass, where filled data points indicate
large ballotini and empty data points small ballotini. As in the joint compound case, there
is a clear difference between between shallow and deep substrate depths with the depth of
indentation and contact length smaller for h0 = 1cm (purple points). This again highlights
the transition from indenting a shallow layer to a deep layer. There also appears to be a
discrepancy between the small and large ballotini with the same angle of friction φ. At the
start of each experiment the ballotini substrate was mixed around then levelled once to give
a uniform h0 with a loose structure. This may have led to a different packing density for
the two ballotini sizes. For example, if the small ballotini had a tighter packing density we
would anticipate the depth of indentation to be less for a given mass. This could explain the
difference between the two ballotini sizes however further experiments need to be carried
out to rule out other possibilities.
The theoretical curves for the deep plastic layer (black dashed lines) and the viscoplastic
layer (black dot-dashed lines) are also plotted on figure 10. The deep plastic layer, see
equation (67), does a good job at replicating the linear and square root structure of the
depth and contact length for larger substrate depths, whilst the theory for a viscoplastic
layer, numerical solution in section 2.5.6, as in the joint compound case, over predicts the
depth and contact length for a given mass quantitatively by a scale factor.
3.4.2

Dropping experiments

In addition to the static loading experiments, we carried out a series of dropping experiments
to investigate the effect the initial speed of the indenter on the surface of the substrate δ˙0
has on the final depth δf . To do so we dropped the cylinder from a range of increasing
heights with the same loading mass each time onto a substrate of 1mm ballotini of depth
h0 = 5cm. Figure 11 shows the final profile for four different heights. This demonstrates
that the final depth δf increases with initial speed, as anticipated from our formulation in
section 2.1.
In this section we have described some preliminary experiments conducted to investigate
the indentation of two substrate rheologies with a clear transition between shallow layers,
where the indentation is predicted to be proportional to h0 , and deep layers, where the
indentation is predicted to be independent of h0 . In addition, for the experiments with ballotini, we saw a difference with diameter size suggesting the experiments were very sensitive
to initial conditions. For both the ballotini and the joint compound, there is good agreement with the overall shape suggested by the theoretical models however there appears to
be a scale factor discrepancy between experimental results and the viscoplastic model. The
profile shapes show promising comparisons with the viscoplastic model for the shallowest
depth h0 = 1cm, however highlight the need to measure more accurately the rheology of
the substrate. The dropping experiments also nicely demonstrate the relationship between
initial speed δ˙0 and the final depth of indentation δf .





Figure 10: Loading experiments for a cylinder indenting a layer of ballotini of height h0 =
1 − 5cm. (a) Depth and (b) contact length with mass for small 0.2mm diameter (empty
points) and large 1mm diameter (ﬁlled points) ballotini. Theoretical curves for the deep
plastic layer (black dashed lines) and viscoplastic layer (black dot-dashed lines) are plotted
for parameters φ = 24.9, ρ = 1550 kgm−3 , Nγ = 6.5, h0 = 0.01 m, Rc = 0.076 m and
w = 0.2 m.

    

Figure 11: Proﬁles of dropping experiments for a substrate of 1mm ballotini with depth
h0 = 5cm. Coloured lines indicate diﬀerent initial heights of the cylinder above the surface,
and hence diﬀerent initial speeds δ˙0 .







Figure 12: Schematic of methods of lift oﬀ: (a) reverse squeeze ﬂow, (b) avalanching, and
(c) adhesion.

4

Theoretical .odel: Lift 0ﬀ

We now consider the second stage of our theoretical model: lift oﬀ, where the indenter lifts
oﬀ the deformed substrate at a given speed. This stage describes the ﬁnal indentation left
after the indenter has been removed. We consider three methods of lift oﬀ: (a) reverse
squeeze ﬂow, (b) avalanching and (c) adhesion, see ﬁgure 12. We will primarily consider the
lift oﬀ of a ﬂat-based indenter  however the methods used could easily be applied to more
complicated geometries such as a parabola as discussed previously.

4.1

Reverse squeeze ﬂow

The ﬁrst method of lift oﬀ considers when no air can get underneath the indenter. Instead,
as the indenter is lifted above its ﬁnal resting depth δf a reverse squeeze ﬂow is generated
in which material from the outside free-surface ﬂow is pulled underneath to ﬁll the gap. We
assume ﬁnal lift oﬀ can occur when the free surface outside meets the corner of the indenter
i.e. pressure is atmospheric. Figure 13(a) shows the ﬁnal stage of lift oﬀ when the indenter
can detach from the substrate. At this point the depth of the indentation has raised from
the δf to δl with the excavated mound of material outside meeting the ﬂat base at x = 1.
4.1.1

Purely cohesive, τY = constant

From section 2.3.5, the free-surface before lift oﬀ is given by

h=

h2L

2B
(1 − x)
+
R

1/2
.

(69)

Provided the speed of lift oﬀ is suﬃciently slow that the free-surface ﬂow remains in the
plastic limit, the free-surface proﬁle steps through a series of static shapes with the ﬁnal
proﬁle given by

1/2
(1 − x)
1 < x < Lf ,
h2L + 2B
R
h= 
(70)
1/2
2B
2
δL + R (x − 1)
Lf < x < L 0 ,
see ﬁgure 13(a). To ﬁnd δL mass conservation is used, which in the plastic limit is an equal
areas construction given the quasistatic free-surface proﬁles. Hence by global conservation


















 

 





Figure 13: Schematic of the parameters for (a) the reverse squeeze ﬂow, and (b) the
avalanching method.
of mass, the free-surface proﬁle can be integrated to give

3/2 


1
R
,
h3L + δL3 − 2
h2 + δL2
δL − δf =
3B
2 L

(71)

2B
2
using h2L + 2B
R (1 − Lf ) = δL + R (Lf − 1). Calculating δf and hL from section 2, the depth
δL can be determined as a function of B and R. Figure 14(a) plots the ﬁnal proﬁle for two
sets of parameters, B = 2, R = 1 (red lines) and B = 1, R = 2 (blue lines).

4.1.2

Mohr-Coulomb, τY = p tan φ

For the Mohr-Coulomb case, the free-surface proﬁle before lift oﬀ is given by
h = hL + Φ(1 − x),

(72)

see section 2.5.4. As in the pure cohesion case, for a suﬃciently slow lift oﬀ speed the
free-surface ﬂow remains in the plastic limit and hence can be written as (ﬁgure 13(a)).

hL + Φ(1 − x) 1 < x < Lf ,
h=
(73)
δL + Φ(x − 1) Lf < x < L0 ,
Integrating the free-surface proﬁle after lift oﬀ gives an equation relating δL , δf and hL ,
(hL − δL )2
.
(74)
4Φ
As in the pure cohesion case, together with the depth δf and height hL from section 2, the
depth δL can be determined as a function of Φ and R.
δ L − δf =

4.2

Avalanching

The second method of lift oﬀ considers when air can get underneath the indenter. When
the indenter is lifted oﬀ the substrate, the gap between the indenter and the ﬁnal depth
δf is ﬁlled with air in the interior with ‘avalanching’ regions near the edge where there is
a squeeze ﬂow and free surface ﬂow, see ﬁgure 12(b). When the indenter is removed, the
base of the indentation remains at δf with the mound of material outside now meeting the
base at x = La < 1 (ﬁgure 13(b)).













Figure 14: Plot of ﬁnal indentation for the pure cohesion model after lift oﬀ for (a) squeeze
ﬂow method, and (b) avalanching method for parameters B = 2, R = 1 (red lines) and
B = 1, R = 2 (blue lines). The proﬁles before and after lift oﬀ are given by the dashed and
solid lines respectively.
4.2.1

Purely cohesive, τY = constant

In the plastic limit, the proﬁle of the free-surface can be written as
⎧
1/2
⎨ 2 2B
La < x < L f ,
δf + R (x − La )
h=


1/2
⎩ 2
Lf < x < L 0 .
hL + 2B
R (1 − x)
Using global mass conservation to match the areas of slumped material then gives

3/2
2
2

B
R  3
2R hL + δf
3
h + δf + (1 − La ) =
+ (1 − La )
.
3B L
3B
2
R

(75)

(76)

And hence, using δf and hL calculated in section 2, La can be found as a function of B and
R. Figure 14(b) plots the ﬁnal proﬁle for the two sets of parameters B = 2, R = 1 (red
lines) and B = 1 R = 2 (blue lines).
4.2.2

Mohr-Coulomb, τY = p tan φ

The proﬁle of the free-surface can be written as

hL + Φ(1 − x) La < x < Lf
h=
δf + Φ(x − La ) Lf < x < L0

(77)

Using global mass conservation to match the areas of slumped material then gives
1
1
(hL − δf )(hL − hf ) − (hL − hf )2 − (hf − δf )2 = 0,
2
2

(78)

where hf = hL + Φ(1 − Lf ) = δf + Φ(Lf − La ). Together with δf and hL calculated in
section 2, La can be found as a function of parameters Φ and R.

4.3

Adhesion

In both the reverse squeeze ﬂow and the avalanching method, we have assumed that lift
oﬀ happens completely when the pressure at the edge of the indenter x = 1 is atmospheric
i.e. when the free-surface reaches the corner. A non-cohesive material has no strength in
tension therefore you would expect this to be the case. For a cohesive material however,
there would be some adhesion to the indenter. When thinking about track making, this
adhesion must be able to be characterised in the form of a pressure or stress condition on
the base allowing lift oﬀ at some point. In the experiments described in the next section
we have only considered a non-cohesive material therefore adhesion is not applicable.

4.4

Experiments

To investigate the lift oﬀ stage experimentally we used the setup as described in section 3
with a layer of 1mm diameter ballotini of depth h0 = 5cm. As the ballotini is dry, we would
anticipate that air can get in between the particles and underneath the indenter during lift
oﬀ. And hence, we expect the method of lift oﬀ to be as described in section 4.2 with the
bottom of the indentation remaining the same while avalanching occurs on the sides.
Figure 15 shows two lift oﬀ experiments with diﬀerent initial depths for a cylindrical
indenter. Figure 15(a,b) plot the detected proﬁles before (blue solid line) and after (red
solid line) lift oﬀ together with the free-surface proﬁle for a non-cohesive material with angle
of friction φ = 24.9 ± 0.7 (black dot-dashed line), see equation (49). The corresponding
photographs, ﬁgure 15(c,d) are taken after lift oﬀ to demonstrate the ﬁnal proﬁle. In
the ﬁrst experiment, ﬁgure 15(a), the indentation is suﬃciently shallow that the sides of
the indentation remain roughly at or below the angle of friction. As a result, almost no
avalanching occurs as seen by the negligible diﬀerence between the before and after proﬁles.
When the indentation depth is increased, the walls become steeper than the angle of friction
at the contact points, see ﬁgure 15(b). In this case, when lift oﬀ occurs, the ballotini
avalanches down into the interior of the indentation with the bottom of the indentation
remaining ﬁxed. Figure 15(b) suggests that the ﬁnal proﬁle then sits at an angle less than
the angle of friction. This may be due to any added inertia caused by the process of lift oﬀ.
In this section we have considered a simple theoretical model to describe the process of
lift oﬀ for a ﬂat-based indenter on either a purely cohesive or Mohr-Coulomb substrate. We
have looked at three diﬀerent methods for lift oﬀ: (a) reverse squeeze ﬂow, (b) avalanching
and (c) adhesion. Our preliminary experiments with dry ballotini demonstrate the method
of avalanching when air can get underneath the indenter. To explore to process of lift oﬀ
further we need to consider the problem of adhesion and the point at which completed
detachment from the substrate can occur.

5

Conclusion

The aim of this work was to understand the indentation of deformable plastic layers theoretically and experimentally. Our theoretical model using viscoplastic lubrication theory
describes the indentation of a shallow plastic layer. We have shown that the plastic limit
reduces to a force balance and equal areas construction given the quasistatic free-surface









Figure 15: Lift oﬀ experiments with a layer of 1mm ballotini of depth h0 = 5cm. (a,b)
Depth proﬁles for increasing depths of indentation for before (blue solid line) and after (red
solid line) lift oﬀ. Black dot-dashed line indicates theoretical angle of friction φ = 24.9±0.7.
(c,d) Photographs of ﬁnal proﬁles for experiments shown in (a,b) respectively.
proﬁles. The simple experimental setup used has produced promising preliminary results for
the indentation of a pure cohesive (joint compound) and non-cohesive (ballotini) substrate
with some qualitative comparisons with our theoretical model.
To extend this work in future, we plan on conducting further experiments to investigate
the indentation of deformable plastic layers. In terms of a pure cohesive material we would
like to better characterise the yield stress of the substrate and conﬁrm that a Bingham
rheology is an appropriate approximation opposed to a more complicated Herschel-Bulkley
model. In addition, we would like to characterise the discrepancy between ballotini sizes to
check initial conditions resetting the surface are not playing a role. In terms of experimental
setup, we would like to improve the simple system to reduce the compliance of the indenter,
for example by clamping the sizes of half cylinder, and extending to BYJTZNNFUSJDHFPNFUSJFT
such a hemisphere. Finally, when discussing the problem of lift oﬀ, we touched on the case
of adhesion. This needs to be explored further both theoretically and experimentally as the
process of lift oﬀ ultimately determines the ﬁnal indentation left behind.
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