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1 Introduction

Lubrication theory has been successfully applied to many problems in fluid dynamics. For
cases where two objects slide past each other, with a thin film of fluid filling the intervening
gap, it performs admirably, and its application has formed the basis for many important
advancements in engineering. Furthermore, it appears in most undergraduate courses in
fluid mechanics (see [1], for example). However, when used to model the coming together
of two solid objects separated by a viscous fluid, the predictions of lubrication theory are
decidedly unphysical.

Consider the simple example of a rigid cylinder settling under gravity towards a rigid,
horizontal plane, as illustrated by Figure 1. The thickness of the gap between the cylinder
and the plane is denoted by h(x), where x is a horizontal coordinate measured relative
to an origin situated at the intersection of the horizontal plane and the axis of symmetry.
Under the approximation key to lubrication theory (the so-called ‘lubrication approxima-
tion’, which is valid provided that eRe < 1), we ignore horizontal variations relative to the
much faster vertical variations when calculating the horizontal velocity, and assume that
the pressure only varies in the horizontal coordinate x. We find that the horizontal velocity

has a parabolic profile
10
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which gives rise to a horizontal volume flux
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Balancing this against the volume that must be squeezed out due to the settling of the
cylinder, we find the so-called Reynolds equation for the pressure gradient
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The dominant contribution to the upward resistive force on the cylinder comes from the
pressure force
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Figure 1: A simple application of lubrication theory. A rigid cylinder settles toward a rigid,
horizontal plane under gravity.

The integration of the Reynolds equation (1) is straightforward, and can be well approxi-
mated analytically by extending the range of integration to —oco < x < 00, and approximat-
ing the gap thickness h(x) by a parabola. The important result of this analysis is the scaling
of the vertical force. Balancing this resistive force against the cylinder’s weight (neglecting
inertia, consistent with the lubrication approximation), we find that

Mg o ée®/? (2)
= e(t) o (t—t.) 72 (3)

So, according to lubrication theory, the cylinder (or indeed any object with a locally
parabolic shape) takes an infinite length of time to make contact with the plate!. Such
a result is clearly unphysical. It is the purpose of this report to address some possibilities
for resolving this inconsistency.

Many physical effects could be introduced in order to attempt to capture finite-time
contact. Perhaps small asperities on the solid surfaces will provide sharper, more stream-
lined points of contact between the two objects. Perhaps elasticity in the solid objects or
compressibility in the fluid will provide a mechanism by which the large lubrication pres-
sures can be mitigated. If these continuum scale effects are insufficient, then perhaps an
explanation in terms of long range (e.g. Van der Waals) forces can be sought. In this report,
we investigate the effects of roughness, elasticity and compressibility on settling problems,
and see if contact in finite time can be achieved.

2 Roughness

Real surfaces are seldom perfectly smooth, as shown by Figure 2. When considering the
effect of surface roughness on settling problems, we should first point out that the lubrication
approximation itself is not the sole cause of the unphysical infinite contact time. A theorem
of Gérard-Varet & Hillairet [2] states that, for a sufficiently smooth object settling toward

For particularly flat shapes with zero local curvature, a similar analysis can be performed — see [5]
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Figure 2: Atomic force micrograph of a roughness on a machined surface. Note rough
asperities on the scale of microns. Picture copied from [3].
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Figure 3: Diagram and notation for falling wedge

a sufficiently smooth plane under a constant body force, even the full, two-dimensional,
Navier-Stokes equations require that contact will not occur in finite time. In order to resolve
the problem without adding new physical processes (such as elasticity or compressibility,
as discussed in §§3-4), we much insist that the settling objects contain sharp regions. By
sharp, we mean regions where the first derivative of the surface function is discontinuous.
In this section, we first consider the dynamics of a single sharp wedge settling in isolation,
then move on to consider whether sharp roughness superimposed on a cylinder can change
the settling dynamics as it rolls down an inclined plane.

2.1 Settling of a sharp wedge

In order to investigate the effect of a sharp asperity on contact, we consider the model
problem of a falling wedge, as illustrated in Figure 3. The wedge is symmetric about = 0,
has width 2L and is pitched at angle « to the horizontal. We denote the closest approach of
the wedge by eL. Assuming that the resulting flow has sufficiently small Reynolds number,
we aim to solve the problem in a quasi-static manner, scaling out the settling velocity ¢, and
using the Stokes equations to find the resulting dimensionless hydrodynamical force F'z as
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a function of e. We then use instantaneous force balance to equate the effective weight Mg’

of the wedge with this hydrodynamic resistance. In this section, we detail two approximate
analytic solutions for the Stokes velocity field, and present an exact numerical solution for
comparison. Throughout this section, we shall nondimensionalise lengths with L, velocities
with €L, time with ¢ 1, and pressure with pué.

2.1.1 Lubrication solution

We begin by considering the flow obtained by applying the lubrication approximation to
the flow beneath the falling wedge. The local thickness of the fluid layer is given by,

H(X) =€+ |X|tan . (4)

Away from the sharp vertex at X = 0, we can expect the lubrication approximation to be
reasonable provided that tan o <« 1. For now, we shall not worry about the rapid horizontal
variations in the vicinity of the vertex, except to note that the lubrication approximation
should not be expected to perform well in this region.

After obtaining the Poisseuille velocity profile typical of lubrication flows

UX,Z)=—--<=Z[H(X)-Z], (5)

we can integrate across the narrow gap to find the volume flux

HX) 1 0P _,

and use the local continuity relation to determine the Reynolds equation
0 1 0P 4

By choosing the reference pressure so that we may take P(X = £1) = 0, we can integrate
equation (6) in order to determine the pressure gradient

oP 12X
X — H3 @)
We may now use (7) to calculate the upward resistive force
1 1
opP 24 3
Fy = PdX =— X—dX=——-—|loge— =
=/ | x5 oy [loge— 5+ 000 5)

and balance this against the weight of the wedge to determine the equation governing its
vertical motion. Restoring dimensions, we have

Mg tan® o

51 9)

weL [loge - g + O(e)} =

Integrating (9), we find that the minimum separation e is governed by

Mg tan® o
1 ~——(t1 — 10
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Figure 4: Diagram and notation for flow in a corner. The dashed line illustrates the outline
of the wedge in Figure 3, and the symmetry axis X = 0.

as € — 0. This suggests that the wedge will make contact with the horizontal surface at the
finite time ¢ = t; (here a constant dependent upon the initial conditions), suggesting that
sharp edges might be a way to achieve contact in finite time. However, since the lubrication
approximation can not be expected to hold near the vertex X = 0, we aim to verify this
conclusion by constructing a more reasonable approximation to the Stokes equations.

2.1.2 Outer Stokes solution

We now aim to determine an approximation to the Stokes flow beneath the wedge by
considering the similar problem of flow in a corner, as illustrated by Figure 4. We aim to
find the Stokes flow in a corner of angle «, with velocity boundary conditions corresponding
to those in the falling wedge problem. In polar coordinates (R, ) with the origin indicated,
we define a streamfunction ¥(R,#) such that ur = R™'9p¢ and uy = —Ory, write the
Stokes equations and boundary conditions in the form

Vi =0 in0<fh<a (11)
_ W _

%(R’ a) = —cosa (13)

%(R’ a) = Rsina. (14)

The boundary conditions (12-14) simply represent the no-slip conditions u = 0 on 6 = 0
and u = €z on # = « in dimensionless variables. As stated, this biharmonic problem does
not have a unique solution. If we insist that the velocity be bounded as R — oo then we
could expect to find a solution of the form

(R, 0) = f(0) + Rg(0). (15)

The R-independent term in (15) will correspond to a line source or sink located at the
origin. This term is not necessary when aiming to find a solution to the equations (11-14),
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but has been included as a means of matching up the volume fluxes in this corner flow
problem with those expected in the falling wedge problem. By symmetry, we expect that
there will be no horizontal volume flux through X = 0 in the falling wedge. In this problem
we recreate this boundary condition by selecting the strength @ of the sink at the origin so
that there is no flux through R = ¢/sina. In other words, we add the additional boundary
condition

o (5=.0) =0 (16)
sin «
to the equations (11-14). The equations can then be solved easily to yield the solutions
f(0) = ecot a[(cos 2ac — 1)(cos 20 — 1) + sin 2a(sin 20 — 20)], (17)
(o + sin o cos ) (0 cos § — sin 0) + 0 sin? o sin @
9(0) = —5 5 : (18)
sin“a — «

It should be noted that this solution is not an exact solution for flow beneath the
falling wedge discussed earlier. In particular, it does not allow for the streamfunction to
be antisymmetric about the vertex of the falling wedge. However, it obeys all of the same
boundary conditions away from the vertex of the wedge, so should be an outer solution,
valid further than an O(e) distance from the vertex. It is essentially the leading-order
contribution to the streamfunction in the limit ¢ — 0. Note also that this approximation is
valid for arbitrary inclination «, unlike the lubrication approximation discussed in §2.1.1.
Indeed, as o — m/2, this solution will exactly recreate the asymmetry needed at X = 0 in
the falling wedge problem.

Having obtained this solution, we could consider the resistive force that the associated
fluid flow should exert on the boundary (R > €/sina,f = «), corresponding to half of
the wedge in Figure 3. As we expect the horizontal component of this force to vanish by
symmetry, we consider only the vertical force on the whole wedge, namely

1/ cos atesina
FZ:2/ 2 0 -ndR, (19)

/sina
=2[(9+¢")sina+ (¢ + ¢") cos a] log (ﬁ) +2[f"sina+ (f' + f")cosa] + O(e),
(20)

where the various derivatives of f and g are evaluated at r = «. Substituting for these
using the expression (17-18), we find that the vertical force is given by

2 in 2
Fy =2 <702[ + S?nz a> log ( - ) — 8cos a(l 4 cos? a) + Ofe). (21)
a? — sin* « sin

Considering only the leading-order term, we can set this equal to the weight of the wedge

and restore dimensions to find that, according to this solution

Mg/ (sin? o — o?)
2uL(2c 4 sin 2av)

cloge ~ (ta —t), (22)

as € — 0. Once again, the wedge will make contact with the horizontal plane in finite time,
at t = t9. It is very interesting to note that we obtain the same functional form as in (10),
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which was obtained by lubrication theory. Furthermore, the prefactors in equations (10)
and (22) have the same leading-order behaviour for & < 1. This seems to be an encouraging
sign that finite-time contact may be possible even with the full Stokes equations, but we
must note that this outer solution does not correctly describe the flow in the vicinity of
the sharp point. In order to fully demonstrate that finite-time contact is possible with this
sharp wedge we must resort to a full, numerical solution of the Stokes equations.

2.1.3 Full Stokes solution

In this section, we obtain a numerical solution for the streamfunction v (z, z) describing the
Stokes flow beneath the falling wedge of Figure 3. For conditions on the vertical boundaries,
we use the antisymmetry of ¥ at X = 0, and match to the outer solution (15,17,18) at the
edge of the wedge. We therefore solve the biharmonic problem

V=0 in —1<X<1,0<Z<HX) (23)

oY oY

¢(X70):a_Z(X7O):8—X(X7H(X)):Ov (24)
oy B

o xHX) = -1 29

¢(X7 Z) = _w(_X7 Z)? (26)

¢(17 Z) = wouter(L Z)7 (27)

where Youter (X, Z) is the outer solution given by (15,17,18), using the coordinate transfor-
mation

Z
R= /(X +ecota)? + Z2 =tan ' [ —— ). 28
v+ )+ 25 X +ecota (28)
The asymmetry constraint (26) both allows us to consider only the region 0 < X < 1, and
provides boundary conditions on the streamfunction at X =0
Our numerical solution of equations (23-28) was performed by first mapping the region
onto the unit square, via the transformation

E=X,  (=n (20)

and transforming the equations and boundary conditions accordingly. It is then a simple
matter to discretise the equations on a uniform (&, () grid by using a second-order finite
difference scheme. The numerical solution then becomes a simple linear system, which can
be inverted either exactly via LU factorization, or approximately by an iterative method
that takes advantage of the sparsity of the matrix defining the problem.

After testing the code by using several exact solutions of the biharmonic equation, and
confirming that the error decreases as O(AX?), we were able to calculate the streamfunction
(and hence the velocity field) for a variety of angles . Two examples are shown in Figure 5.
Observe that, for smaller angles (« = 7/12 in Figure 5), the horizontal velocity field exhibits
the parabolic shape (5), as obtained under the lubrication approximation, throughout most
of the domain. For a sharper wedge (o« = 7/3 in Figure 5), the horizontal velocity is
concentrated more towards the horizontal surface, more like the outer solution described
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a=m7/12 a=17/3

Figure 5: Plot of the streamfunction ¢ and horizontal velocity U = 071 beneath the falling
wedge for @ = m/12 and a = w/3. Note that ¢ = 0.1 in both cases.

in §2.1.2. Both examples shown here indicate, therefore, that the approximate solutions
considered previously can reasonably represent the main features of the flow for large and
small «, respectively.

Given the streamfunction and velocity field, we can calculate the pressure and stress
fields, allowing us to compute the vertical force acting on the wedge

FZ:/i-a-ndS (30)
L ou\ 1
= P—- — — X 1
/—L [Cosa < 8X> i <5Z 8X>] Z—H(X) ¢ (31)
L oP U\ 1 ou oV
:2/ [—cosa( +—> +—sina< + = >] dX, (32)
0 X " ox) 2 9Z " 0X )| 1 piv

after integrating by parts, using the pressure boundary condition P(+L) = 0, and observing
that all of the quantities in the integrand are even functions of X. Plots of the vertical force
as a function of € are shown in Figure 6. We observe that, in both the case of a relatively
bluff wedge (o = 7/12) and a relatively sharp wedge (o = 7/3), the small € behaviour of
the force is a linear function of loge, as predicted by our analytical results. Furthermore,
the slope of this linear function agrees well with that predicted by the outer solution in
both cases. However, in the small-a case, the lubrication solution (8) provides a better
prediction of the constant term that forms the first correction. In the high-a example, the
force predicted by the outer solution matches the numerical force extremely closely, but
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Figure 6: Plots of the vertical force Fz, as determined by lubrication theory (8), the outer
Stokes solution (21), and the numerical solution, via (32). First-order (constant) corrections
have been included in the asymptotic results. Two wedge angles (o« = 7/12 and a = 7/3)
are shown.

it should be noted that the agreement between numerical and analytical results degrades
as € becomes very small. We believe that this represents a problem with the numerical
resolution of our numerical scheme when the separation € is very small. In this limit, the
transformation (29) is near-singular in the vicinity of X = 0, so we should expect to need
to use a higher spatial resolution in this region. This remains as potential future work.

To conclude our discussion of this problem, we make two important assertions. Firstly,
both our analytical and numerical results support the hypothesis that objects with sharp
asperities can make contact with a smooth surface in finite time. This suggests that rough-
ness may indeed be an important consideration in determining settling dynamics at small
lengthscales. However, one could argue that no physical surface is perfectly rough, and
must be rounded on some lengthscale. Some preliminary numerical experiments with a
rounded wedge were carried out, and the behaviour of the vertical force examined. For
relatively large separations, the effect of rounding the corner is negligible, and the force
remains proportional to loge for moderate e. However, for very small lengthscales (on the
order of the amount by which the corner was rounded), we observe that the force scales
algebraically with e. In other words, the pressure force from beneath the smoothed corner
is large enough to dominate the logarithmic behaviour that arises due to the straight-edged
wedge.

The second statement that we make is that, in this case at least, lubrication theory
predicts the correct functional dependence of the vertical force on the minimum separation
€, though it is quantitatively incorrect for larger angles, as we should expect. This seems
to suggest that any corrections made to the flow field due to considering the full Stokes
equations are mere details that do not qualitatively affect the settling dynamics of sharp
objects. For the remainder of this document, we shall use this result to justify the use of
only lubrication theory in the following calculations.
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Figure 7: Diagram and (dimensionless) notation for the rough cylinder problem.

2.2 Motion of a rough cylinder

We now turn our attention to a different problem involving the effect of roughness on
settling. We aim to investigate the effect of asperities on an object that is able to rotate as
it settles. Should an object fall preferentially with its sharp edges pointing downwards, or
will it orientate itself in such a was as to make the roughness less significant? In order to
attempt to answer this question, we consider the model problem of a rough, solid cylinder
settling on an inclined plane under the influence of gravity in a viscous fluid, as shown in
Figure 7.
In our set-up of the problem, the cylinder has a radius

r(0) = RoR(0) = Ro [1 + n(0)] (33)

where 6 is the polar angle measured relative to the normal to the inclined plane, as shown.
The centre of the unperturbed cylinder is located at (zo(t), 29(t)), measured in Cartesian
coordinates parallel and perpendicular to the plane, respectively. The rigid body motion of
the cylinder can therefore be described by a translational velocity (Z¢,Zp) and an angular
velocity w measured about this centre point. The plane itself is inclined at angle « to the
horizontal, and the cylinder has effective mass M’g. We also define Cartesian coordinates
(x,z) to be locally parallel and perpendicular to the inclined plane, with the line 2 = 0
passing through the centre of the undisturbed cylinder.

2.2.1 Governing equations

In order to describe the motion of the rough cylinder, we aim to calculate the hydrodynamic
force and torque acting on the cylinder, each as a function of the rigid-body motion of the
cylinder. We assume that the Reynolds number of the flow is sufficiently small to allow us
to apply the Stokes equations. Linearity will then imply that we can express these functions
as a linear system of the form

(Fx,Fz,G)" = M(io, 20,w)"
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where F = (Fx, Fz) is the force, and G the torque exerted on the cylinder by the fluid.
M is a resistance matrix expressing the effect of geometry on the linear system. We aim
to construct M by assuming that the dominant contributions to both the force and torque
come from the thin gap between the cylinder and the plane, and applying the lubrication
approximation in this gap. Even for ‘sharp’ roughness, the results of §2.1 suggest that this
approximation will not qualitatively change the dynamics of the cylinder when compared
with a full Stokes solution under the cylinder. By then making a quasi-stationary approxi-
mation, reflecting the instantaneity of Stokes flow, we equate the hydrodynamic force and
torque to those exerted by gravity, and solve for the velocity and angular velocity of the
current configuration by inverting the resistance matrix M. Before proceeding with the
derivation of M, we nondimensionalise the physical variables by writing

M'g M'g

(Ua XOvzo)v (wvt_l) =
% pRo

($7Z7x07z0) :RO(X727X0)ZO)7 (U7X07ZO) = (Q7T_1)'

In order to use the lubrication solution in the Cartesian coordinates (X, Z), we must
first express the thickness H = h/Ry of the gap beneath the cylinder as a function of the
downslope coordinate X. A simple geometrical calculation leads to the relationship

X =[14 (0 — ¢)]sin®, (34)

where ¢ = [QdT describes the current orientation of the cylinder. The gap thickness can
then be expressed as

H(X)=Zy— (L+n(0 — ¢)cosb) = Zy — /(L +1(6 — §))? — X> (35)

Assuming that the roughness n < 1, we approximate the relationship (34) by taking 6 =
sin™! X in (35).
As is usual for lubrication flows, the horizontal velocity profile will be parabolic, and of

the form
A 10P

H(X) 20X
where V' is the horizontal velocity at Z = H(X), given by

UX,2)=V Z(H(X)-2), (36)

V= Xo+ Q[ +n(0 — ¢)] cosb,
= Xo+ V(1 +0(0 - 9))? - X2,
= Xo + (Zo — H)Q (37)

By integrating the continuity equation in Z, we find that

0 H(X) OH
8—X</0 vaz) - S8V W=, (38)

where W is the vertical velocity at Z = H(X), namely

W =Zy+Q[1+7(0 — ¢)]sinb,
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By combining equations (36-39), we arrive at the Reynolds equation

o [ H3doP 1. .1

|~ — HXo+ XZy+ = (X? - ZyH) Q| = 0. 40

ax[ zox i Xot X+ ot) (40)

After taking a first integral of (40), we use the boundary condition P(+41) f OxPdX =

0, to determine the constant of integration and express the pressure gradlent in the form
0P 6

Xo (Lo — HI 270 (X1Ips — I Q (X215 — I Zolos — ZoHI ]
X H3IO [ 0 (Zo2 03) + 220 (XIoz — h13) + ( 03 — 123 + Zolo2 0 03)

(41)
where the constants I,,, are defined by the integrals

1 m
Ly = /_ i X (42)

Having obtained expressions for the velocity field (36) and pressure gradient (41), we
can proceed to find the force and torque on the rough cylinder. The force is given by

F  (Fx,Fz)
Mg~ Mg —/0 ndS
! OU\ 0H 19U OH
—/¥<{P+5§}a§‘ﬂﬁJﬁdX 0 bx}
3HOP Zy . Q oP o0H
_/ < 10X aH Ot Xax) X+ O([ax] ) (43)
We neglect the higher order terms in accordance with the lubrication approximation. Sub-

stituting for the pressure gradient using (41), we can express the force on the cylinder
as

60y (M1 Xo + Mi2Zo + M13Q, Moy Xo + Moz Zo + Ma3Q2), (44)
where
My = 3 (I8, — 2Io1103) /Ios, (45)
Mg = 2 (IosTiz — I13lo2) /o3, (46)
Mg = [£1os + 3(logIaz — Iozlo2) + 2 Zo(I§y, — §101103)] /Lo, (47)
May = (Ioghz — lozl12)/Ios, (48)
Moy = 2(IogIog — 173) /s, (49)
M3z = [IozI33 — I13123 — Zo(lozI12 — In2113)] /1o3. (50)
The torque about the centre of the unperturbed cylinder is given by
G
1+n(0 —¢) OU
= — - —dX,
[ =0
I OP  _Xo 2(Zy— H)Q
= X2 Zo— H H—+2—+——"— 3% dX. 51
| VG >{éﬁ o AR gy
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In obtaining (51), we have used the expression for H (35) to remove the explicit dependence
on the roughness 7. After substituting for the pressure gradient using (41) and evaluating
the integrals, we find the the torque can be written in the form

G . .
= M3 X MsoZ Ms33Q) 2
MgR 3140 + M3a4q + M3zl (52)
where
M31 = (3IoaJoz — TosJo1)/Tos, (53)
M3y = 3(IozJ12 — T13Jo2) /o3, (54)
Mss = [—21o3Joo + 3 (Lo oz — InzJo2) — Zo(TozJor — 2102J02)] /Tos. (55)
Here, the coefficients .J,,, are defined by
1 xXm
g = / VX H (= ZoP s dX. (56)
1

This completes our derivation of the resistance matrix M, which is defined by its components
(45-50) and (53-55). Given the force and torque acting on the cylinder, we can invert M to
find the velocity and angular velocity, provided that M is nonsingular.

2.2.2 Free cylinder

For the physically important problem of settling along an inclined plane under gravity, we
assume that the roughness is sufficiently small that we may neglect any gravitational torque.
We therefore set G =0, Fx = M'gsina, and Fz = M'gcos « to find that

M’ .
XO — 7‘9 [sm a(M22M33 — M12M21) + cos a(M13M32 - M12M23)] ) (57)
det(M)
. M’ .
Zy = g [sin cl(Mag M3y — Moy Mss) + cos a(Myy Mg — Mz Mys)] (58)
det(M)
M/
= W]\g/j) [sin ao(May M3z — M1 Maz) + cos a(MyzMay — My Mas)] . (59)

It should be noted that all of the coefficients M;; depend upon two parameters, namely the
current height Zy and the current orientation ¢. The equations (57-59) therefore define an
autonomous ordinary differential equation for the position and orientation of the cylinder
as a function of time. Note also that the evolution of the downslope position is slaved to
the height and orientation.

In order to investigate the behaviour of the system (57-59), we consider a sample rough-
ness function in the form of a sawtooth with m teeth —i.e. a periodic function

n(0) =1 <9+ 2"_77> =49, T <9<l p=40,41,..,£(m—1).  (60)
m m m

The results presented here are for m = 10, but we shall discuss other values of m at the
end of this subsection.
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Figure 8: Trajectory of the centre of mass (Xo, Zy) of a rough cylinder falling freely down
a plane inclined at angle o = 7/6. Positive and negative roughness corresponds to the
sawtooth roughness function (60) with m = 10 and A = £0.01 respectively.

Figure 8 shows the trajectories described by the centre of the cylinder (X, Zy) in typical
numerical simulations. For comparison, we also show the trajectory of a smooth cylinder
under the same conditions. We see that the paths of the rough and smooth cylinders are
largely similar. When far from the inclined plane, the path of the rough cylinder oscillates
about the path of the smooth cylinder. For ‘positive’ roughness, periods of gradual ascent
are interspersed by shorter periods of relatively rapid descent. For ‘negative’ roughness,
we observe short periods of ascent interrupting longer periods of gradual descent. In both
cases, however, there is a net decrease in height over these two intervals.

Given the absence of such oscillations in the case of a smooth cylinder, the only cause
can be the addition of the symmetry-breaking roughness to the cylinder. In fact, the longer
periods of gradual ascent or enhanced descent can be explained by the sawteeth acting as
Reynolds bearings as illustrated in Figure 9. In each case, gravity forces the cylinder to
move downslope. For negative roughness, the local geometry of a tooth moving past the
inclined plane resembles that of a Reynolds bearing (Figure 9a), where hydrodynamical
forces in the converging channel generate a net lift force on the cylinder. For positive
roughness, the situation is reversed (Figure 9b), and the net hydrodynamical force on the
cylinder is directed towards the plane. When added to the resistive pressure force that
comes from squeezing out fluid from beneath the cylinder, this bearing effect can either
oppose or enhance the settling of the cylinder due to gravity.

However, gravity also exerts a torque on the cylinder, forcing to it to rotate so that
the Reynolds bearing/antibearing geometry changes to one in which a sharp tooth is near
the base of the cylinder. This gives rise to the shorter periods of motion in the opposite
direction. In the case of positive roughness, the passing of the tooth abruptly increases the
thickness of the gap between the cylinder and the plane, reducing the resistive forces and
allowing for an increased settling velocity. For negative roughness, the sharp decrease in the
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Figure 9: Cartoon of Reynolds bearings. (a) If the fluid moves towards a narrowing gap, a
lift force is generated. (b) If fluid moves towards an expanding gap, a suction force arises.

gap thickness results in a short-lived upward force, and allows the cylinder to rise slightly
before settling once again into the falling part of the cycle.

Whether the roughness is in the form of a positive or negative sawtooth, the end result is
essentially the same. When the cylinder comes close enough to the plane, the gravitational
torque is insufficient to keep the cylinder rolling downslope, and it gets stuck with a sharp
point near its base. The numerical results seem to suggest that contact in finite time then
follows (though it is difficult to distinguish finite-time contact from a finite-time approach
predicted by a numerical scheme with too large a timestep). However, we could believe,
given the results of §2.1, that the sharp corner does allow finite-time contact.

The above discussion applied for m = 10. If we change m, the number of teeth on
the rough cylinder, the results remain qualitatively unchanged. In each case, it seems that
the the cylinder will reach contact in finite time, and its trajectory oscillates around that
of a smooth cylinder until it comes sufficiently close to the inclined plane, at which point
rotation is arrested and the sharp corner can begin to effect finite-time settling.

After the preparation of an early form of this report, a paper by Zhao et al.[6] was
brought to our attention. In this paper, the authors investigate experimentally the rolling
of a smooth sphere down an inclined plane of carefully-controlled roughness. They look
in detail at the dynamics of the sphere as it passes over an asperity, and use a similar
lubrication model to describe them. We direct the interested reader to [6] for a much more
detailed and polished version of the above analysis.

2.2.3 Driven cylinder

As a brief aside, we draw attention to the dynamics of a roughened cylinder forced to rotate
at constant (dimensionless) angular velocity Qg, but that is otherwise free to move. In
order to allow for comparison with the case of a free cylinder, we use the same definitions
of positive and negative roughness (i.e. the sawtooth roughness of (60) with m = 10 and
A = £0.1). We present here results for zero inclination angle o = 0, but will mention the
effect of varying « at the end of this subsection. The restriction of the free cylinder problem
to a driven problem can be achieved under the previous resistance matrix framework by
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Figure 10: Trajectories of a driven cylinder falling down an inclined plane. Positive and
negative roughness correspond to the sawtooth roughness (60) with m = 10 and amplitude
A = £0.1. The plane beneath the cylinder is horizontal — o = 0. The trajectory of a
smooth cylinder is shown for comparison. The second graph shows a magnification of the
initial region 0 < Xy < 200, showing detail of the ratchet-like motion.

setting M3y, = Mss = 0, M3z = 1, and G = Qg. Figure 10 shows the trajectories followed
by the centre of mass of the cylinder in the cases of positive and negative roughness, where
the cylinder is driven in a clockwise sense.

In the case of positive roughness, we see that the cylinder rapidly descends towards
the horizontal plane, and appears (numerically) to make contact in finite time. This can
be explained in a similar manner to the apparent finite-time contact observed for the free
cylinder. In this case, however, the settling is greatly accelerated by the rotation of the
cylinder, which generates a strong suction force via Reynolds anti-bearing action (Figure
9b).

In the case of negative roughness, however, we observe that, following an initial period
where the cylinder settles at a (time-averaged) rate similar to that of a smooth cylinder,
the vertical position of the centre of mass, Z; tends to a stable periodic oscillation about
the value Zy =~ 1.05. In other words, the cylinder will remain suspended above the plane
indefinitely, as long as it continues to be driven to rotate. The existence of this suspended
state is quite robust to variation of the rotation rate and roughness parameters, though the
limiting mean value of Z; decreases as the rotation rate, roughness amplitude, and number
of teeth decrease.

In both of the above cases, looking more closely at the trajectories reveals a ratchet-like
behaviour, similar to the case of a free rough cylinder, where longer periods of gradual rise or
fall are interspersed with short periods of motion in the opposite direction. However, in this
case, it is the act of driving the cylinder that produces horizontal motion, rather than gravity.
If the cylinder rotates fast enough in the appropriate direction for the roughness, then it can
provide sufficient lift (during those intervals when we have a Reynold bearing geometry) for
the net change in height during the passing of one tooth to be zero at some critical height.
This gives rise to the periodic oscillation observed here for negative roughness.

Varying the inclination angle does little to change the qualitative dynamics of the driven
system. A fairly coarse search of the parameter space indicates that the suspended state
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Figure 11: Diagram and notation for elastic lubrication problem

still exists for any angle, provided that the sense of the rotation is correct. For a large
enough angle, it may be the case that the downslope component of force can balance the
upslope component of the viscous drag due to rotation, and one could find a system in
which both Xy and Zj exhibit periodic oscillations. The search for such a state did not,
however, form a part of the work carried out during the GFD Program.

3 Elasticity

The infinite contact time predicted by a simple lubrication model requires the appearance of
very large fluid pressures when the gap between the falling object and the substrate are very
small. It is quite possible that these large pressures could cause some small deformation
of the solid surfaces, which were previously assumed to be rigid. It is not immediately
obvious whether elastic effects should aid or oppose settling. In this section, we develop
ideas proposed by Skotheim & Mahadevan [4] about lubrication films between elastic layers,
and attempt to apply them to settling problems.

3.1 Lubrication with elastic layers

We consider a situation such as that shown in Figure 11. A smooth cylinder of radius R
is settling under gravity towards an smooth plane, inclined at angle a to the horizontal,
that is coated with a thin layer of thickness H; of an elastic material. We define a local
Cartesian coordinate system (x, z) to be aligned with the inclined plane, and take z = 0 to
pass through the centre of the cylinder.

We assume that the elastic material has a linear, isotropic stress-strain relationship,

with stress tensor
oe = G(Vu+ (Vu)) + A\(V - u)I, (61)

where u is the local displacement vector, I is the identity tensor, and G and A are Lamé
coeflicients describing the elasticity of the medium. The elastic problem to be solved,
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assuming a quasi-steady state, is

V. 0e=0 (62)
w(X,—H) =0 (63)
Oc-n=—pn at z=u,(x,0) (64)

which corresponds to a local force balance, with no displacement allowed on the lower
boundary, and continuity of stress on the surface in contact with the fluid. If we assume
that the layer is thin compared to the horizontal extent of the lubrication film, then we can
proceed in the same manner as fluid lubrication, by neglecting horizontal variations when
determining the displacement field. We therefore approximate (62) by

0%u,
2G + A =0
( + ) aZQ Y
giving us the approximate solution
wn(m,2) ~ —2E (), (65)
2G+ A

The size of the fluid-filled gap between the settling object and the elastic layer where the
local pressure is p(z) is given by

H
h(z) = h
where hg(x) is the undeformed gap thickness. For the case of a settling cylinder, we ap-
proximate this by a parabola, leading to
2
T Hl
hx)=eR+ — + ——— 66
where eR is the minimum separation between the cylinder and the line z = 0.
The equations governing the fluid flow can be determined exactly as for a rigid cylinder
approaching a rigid substrate. For a cylinder translating with velocity (2o, Zp), we find the

Reynolds equation
0 h3 9p h
S il = 0. 67
Oor | 12u0x 2 To + 20 (67)
The novel feature in this elastic problem is the feedback between pressure and gap thickness,

as established by (66). Some consequences of this are discussed in the next few sections.

3.2 Pure shearing

The first use of the preceding theory was made by Skotheim & Mahadevan [4], who con-
sidered the case of a cylinder travelling at a fixed height past an elastic-coated plane with
speed V, as illustrated by Figure 12a. In the absence of an elastic layer, the symmetry of
the translating cylinder gives rise to a perfectly symmetric pressure gradient (Figure 12b),
which cannot generate lift. However, the elastic layer can be deformed by the relative pres-
sures, and is squeezed down ahead of and beneath the cylinder, as shown in Figure 12c.
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Figure 12: Tllustration of how the presence of an elastic layer can generate lift. (a) A rigid
object translates parallel to an elastic layer. (b) The symmetric pressure distribution that
arises without elasticity. (c) Deformation of the elastic layer due to high and low relative
pressures. (d) The resulting asymmetric pressure distribution. Figure copied from Skotheim
& Mahadevan (2004) [4].

This in turn makes the pressure gradient asymmetric (Figure 12d), and can generate a net
upward force. The mathematical details of this problem are given in full in [4], wherein
the authors also consider how the lift force scales with the separation of the object from
the elastic material for a range of different physical situations, including either solid object
being entirely elastic and the cylinder being an elastic shell. In the context of this report,
we note merely the existence of a mechanism by which the presence of elasticity in the solid
bodies can generate lift, and therefore oppose the settling of an object, provided that there
is some force driving the object horizontally.

3.3 Pure settling

In the absence of any horizontal forcing (o = 0 in Figure 11), we find a situation like that
shown in Figure 13. In this case, we expect that the pressure is an even function of z, and
the Reynolds equation (67) can be integrated once to find that
@ _ 12,uRZL‘€7 (68)
oz h3(z)
the constant of integration having been eliminated by integrating over —oco < x < oo and
applying the boundary conditions p(£oo) = 0. At this point, we nondimensionalise the
problem by scaling all lengths with R, time with uR/M’g, and pressure with M’g/R, where
M’g is the effective weight per unit length of the cylinder. Substituting for the approximate
gap width (66), and balancing the vertical resistive force with the effective weight of the
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Figure 13: Diagram and notation for a vertically-settling cylinder onto an elastic layer.

cylinder, we find the the dimensionless pressure P must be a solution to the following
problem

dpP 12¢ X
- - , 69
dX  (e+3X2+P)3 (69)
P(£00) =0, (70)
(e}
/ PdX =1, (71)
—00
where A oH
gt
= I 72
INCEEY 2
In order to solve this problem, we define the new variables ¥ and & by
d P
&= e_l/zX, and d—;? = 77

With an appropriate choice of the arbitrary constant allowed by our choice of ¢, we trans-
form the problem (69-71) into the second-order boundary value problem

"_ N¢
(1432 ()
(o) = + 263 ot (75)

Here N(= 127¢/€3) may be thought of as an eigenvalue for the ordinary differential equation
(73) with boundary conditions (74,75). This problem can be easily solved numerically for
all values of the parameter 4, resulting in the relationship between the settling speed é and
the separation € shown in Figure 14 Importantly, this seems to indicated that the settling
velocity tends to a nonzero limit as € — 0, suggesting that the cylinder will settle in finite
time. A physical explanation for this is as follows. Deformation of the elastic film increases
the mean fluid-filled gap thickness, which in turn has the result of reducing the pressure
gradient (recall that the pressure gradient is proportional to h~3). This results in a net
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Figure 14: Graph showing the settling velocity ¢ as a function of separation e for vertical
settling on to an elastic layer. Note that é tends to a finite nonzero limit as e — 0.

decrease in the upward resistive force, so that Fz = ord(1) as ¢ — 0. We can understand
this asymptotic behaviour analytically by defining scaled variables (¢, () such that

The equations (73-75) may then be expressed as

d2¢ B 263/2 2 ¢
d_@_N< ol ) 32+ £ +0(e)* (76)
d¢ B
$(200) = +1.. (78)

In the limit € — 0, this boundary value problem can only admit solutions if the right-hand
side of (73) is of order unity. That is

Ne3 = ord(1) = ¢ = ord(1),

as observed in the results of the numerical calculation described above.

This scaling for the settling velocity suggests that the addition of elasticity should allow
contact in finite time, because € x (¢t — tg) for small e. However, one must remember that
€ is the height of the cylinder above the undeformed elastic layer. After passing through
e = 0, the layer will simply continue to deform at a rate that maintains the ord(1) scaling
for é. There will come a point, of course, when the elastic layer can deform no longer, either
due to nonlinear elastic effects, or the fact that deformation predicted by this simple model
will exceed the thickness of the layer. At this point, we should probably expect to see the
familiar € oc t~2 scaling for the approach of two rigid objects reappear. Our conclusion is
therefore that elasticity can accelerate contact at first, but should not be able to create
bona fide contact between the objects in finite time.
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3.4 Arbitrary inclined plane

We now return to the situation depicted in Figure 11, where a rigid cylinder settles down
an inclined plane coated with an elastic layer. In this case, the downslope component of
gravity acts to drag the cylinder downhill, giving rise to a lift force as described in §3.2.
Meanwhile, the perpendicular component acts to force the cylinder to settle. It is not
immediately obvious which of these two effects will dominate the dynamics of the cylinder,
so we shall investigate the system numerically in this section.

For simplicity, we assume that the cylinder does not rotate, and just translates with
velocity (&g, 20). Using the same scalings for pressure, length, time and velocity as in §3.3,
the Reynolds equation (67) for the pressure gradient beneath the cylinder becomes

3
aix [_%g—; _ gxo X2 =0 (79)
Vertical force balance, taken up to second order in 0H/JX, once again requires that we
equate the pressure force with the plane-perpendicular component of the weight,

/ PdX =cosa (80)

whilst the downslope force balance becomes, after a little algebra

> | Xy 3HOP .
/_m{ﬁ—i—T@—X} dX = —sina. (81)

Along with the boundary conditions P(+o00) = 0, equations (79-81) define a boundary value
problem with two eigenvalues, namely X, and Zy. This problem can be solved numerically
by defining new dependent variables ¥, ®, and independent variable £ by

oP _ el/? / / Tl Vv _1/2
so chosen to turn the integral constraints (80) and (81) into boundary conditions on ¥ and
®, respectively. The scaled height H is given by

_ 1
H:1+§§2+7P.

and .
6vXo
With this transformation, we must solve the third-order boundary value problem
gr - AENE V. (82)
IEE: H?
/ ] " v
' =HU" + —, (83)
9H
VU (+o00) = ¥/ (—00) = ®(—00) = 0, (84)
v Cos
_ 4dysina sycosa4/3
@ (+00) = -2 (1557) (86)



Figure 15: Log-log plot of numerical results for the eigenvalues N (in blue, compensated
by €%) and V (in red, compensated by 3/ 2), as a function of the separation e for a cylinder
falling down an elastic-coated inclined plane. Note the change in sign of N (hence ZO) in
the vicinity of e = 1.

In equation (82), A is the constant of integration introduced when taking a first integral
of the Reynolds equation (79). This must also be determined as an eigenvalue of the
third-order problem, along with the quantities NV and V', which relate to the settling and
downslope velocities, respectively. In this problem, N = 12720 /€3, as in §3.3.

Solving equations (82-86) numerically, one typically finds results like those shown in
Figure 15. The very important feature to note is that the eigenvalue N changes sign
somewhere near ¢ = 1. This suggests the existence of a (stable) steady state, where the
cylinder falls down the plane at a constant velocity and constant separation from the plane.
In this situation, the settling force exactly balances the lift force due to the downslope
motion. Note that, unlike the driven cylinder of §2.2.3, this ’'gliding’ stable state exists
without the need for any external forcing beyond gravity. We have also noted the apparent
power-law scalings of N and V for large separations €, but have not yet made an attempt
to explain them physically or mathematically.

4 Compressibility

A final factor that may play a role in settling dynamics is the compressibility of the fluid
film. One might expect that the high lubrication pressures could be somewhat alleviated by
allowing the density of the fluid to change. With this in mind, we consider once again the
problem of a settling cylinder, as illustrated in Figure 1, but this time allow for compressible
effects in the fluid film.

The lubrication approximation to the equations of conservation of mass and momentum
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(based on the Stokes equations) are

op Pu
“or Moz =0 (87)

op

dp 0 o
E + %(pu) + a(pz) = 0. (89)

These equations must be supplemented by an equation of state. In the case of an adiabatic
gas, pressure and density are related by

p=Kp. (90)

We also suppose that the kinematic viscosity varies with the local pressure (hence density)
according to
v=Lp". (91)

As in the case of an incompressible fluid, we can integrate the momentum equations (87,88)
to obtain a parabolic velocity profile

u=———2(h—2z) (92)

and integrate the mass conservation equation (89) in the vertical direction to find the
compressible Reynolds equation

0 0 h3 op
—(ph)+ =— | ——=— ) =0. 93

8t(p )+8$< 121/8:r> (93)
This equation, together with the relations (90,91) can be solved for the pressure p, subject

to boundary conditions p(£oo) = 0. Finally, we use instantaneous force balance

/pdx =MJ (94)

to determine the settling velocity as a function of the current shape and size of the fluid-filled
gap, as in the previous sections.

Though the Reynolds equation (93) may be integrated numerically, we shall only note the
existence of a late-time similarity solution. We nondimensionalise the problem by writing

Mg/ g/ l—m—l/’y
=RX h=RH =—P t=12L .
x ) ) b R ) < R

After substituting for the density and kinematic viscosity, we arrive at the partial differential
equation

O (gpi)y_ O (HIOPY _
oT (HP ) 0X <Pm ox ) =% (95)
P(+0) =0, (96)
PdX =1 (97)
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Noting that we may approximate the gap thickness by a parabola

A& ] o

H(X,T) ~ e(T) + %X2 = ¢(T) AW

we aim to find a large-T similarity solution in terms of the similarity variable £ = X//e.
By seeking a solution of the form

P(X,T) =T*f(),

we can transform the problem (95-97) into an ordinary differential equation for in & only
provided that ]

% o T)\(l—m—l'y)
€

and

tM/e o 1.

By combining these two relationships, we find that the long-time scaling of the minimum
gap width is given by
€ oc T~/ (AFm+1/7) (99)

In the case of a fluid with constant dynamic viscosity, we requite that m = —1/v, so we
recover the e oc T2 scaling obtained in the incompressible case, regardless of the value of
~. If instead we assume that the kinematic viscosity remains constant, then m = 0, and
the exponent in (99) is strictly greater than —2 for all (positive) values of . In this latter
case, the settling velocity is decreased due to the increase in dynamic viscosity that arises
when the fluid is compressed. The similarity scaling (99) has been verified against a direct
integration of the partial differential equation (95) in the case of both constant dynamic
viscosity and constant kinematic viscosity.

In summary, compressibility does not appear to provide a means by which a contact can
be made in finite time. Indeed, it is difficult to improve on the € ~ T =2 approach obtained
in the incompressible problem described in §1. Whilst compressing the fluid can alleviate
some of the pressure beneath the settling object, there is an associated increase in dynamic
viscosity that provides a greater resistance to flow. This, in turn, increases the pressure
beneath the object, slowing its approach.

5 Conclusions and future work

At the outset, the intention of this project was to consider whether simple hydrodynami-
cal effects could resolve the problem of infinite contact time for two solid objects coming
together in a viscous fluid. We chose to avoid a discussion of short-ranged effects such as
Van der Waals forces, in favour of the effects of the shape and elasticity of the objects, and
compressibiliy of the fluid. Of these three effects, it seems that only shape, in the form of
sharp aperities, can resolve this long-standing problem.

We have shown that an object with discontinuous first derivative will settle towards
a flat surface in finite time by considering the model problem of a sedimenting triangular
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wedge. However, we considered a constrained problem, in which the wedge was not allowed
to change its orientation relative to the ground. Given that the wedge would be unstable
to toppling in one direction or the other, it would be interesting to examine the motion of
the wedge in the unconstrained problem, where the wedge is entirely free to move. Would
contact still occur in finite time, or would the wedge orient itself so that one of its edges
becomes parallel to the ground, thus leading to an infinite contact time? Many of the
methods discussed in §2.1 could be used to model the falling wedge, including both the
outer Stokes approximation and the numerical scheme presented therein. This remains as
a strong candidate for future work.

During the GFD Prgoram, we expended some time and effort on modelling the rolling of
a rough cylinder next to a horizontal surface. We found that the presence of roughness can,
in certain cases, either result in contact in finite time or no contact at all. While a more
thorough investigation of how asymmetric roughness must be in order to cause these effects
would be an interesting avenue for future study, our key results were essentially pre-empted
by Zhao et al. [6]. Once again, we direct the reader to this paper for a more developed
version of the results of §2.2.

The effects of material elasticity and fluid compressibility were investigated briefly, but
it was found that neither could provide a mechanism by which contact could be achieved in
finite time. However, our analysis of the problem with elastic boundaries suggested that it
is possible to avoid contact entirely, provided that there is a sufficiently large force acting
perpendicular to the line of closest approach of the two objects. The physics behind this
effect is well described by the work of Skotheim & Mahadevan [4].

In summary, it appears that only surface roughness can predict finite time contact
without resorting to non-hydrodynamical effects. Even then asperities must be perfectly
sharp in order to make contact. For real surfaces, of course, no such sharp corners exits on
(and above) the molecular scale, so it is the opinion of the author that one will be drawn
inevitably towards the consideration of long range forces, and the dewetting of the by then
very thin film between the two objects. This problem remains as a challenge to future
researchers.

I would like to take the opportunity to thank everyone involved with this year’s GFD Program for
a thoroughly enjoyable summer. In particular, I should like to thank Neil for his mathematical
guidance and outstanding singing ability?; George, Charlie and Phil for their patience and encour-
agement on the softball field; and Maha, Joe, and Bill for useful discussions. Finally, I would like
to thank my fellow Fellows for being a lovely group of people to get to know over the summer, as
well as being useful sounding boards for my ‘obvious’ mathematical deductions.
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