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1 Introduction

Accurate predictions of volcanic activity are key to protecting the hundreds of millions of
people who live near potentially active volcanoes. Over the past twenty years, the detec-
tion of long-period seismic signals (peak frequencies < 5Hz) has become an increasingly
important tool in eruption forecasting, however, the physical mechanisms for their gener-
ation remain poorly understood. These long-period ground vibrations that precede and
accompany eruptions, may be generated by complex interactions between fluids and rocks.
Volcanic eruptions require flow of magma and/or aqueous fluids through rock and there is
potential for long-period seismic signals to provide important information on changes in the
location, velocity and types of fluids (e.g., gas, magma, bubbly magma) under volcanoes.
However, such analysis requires understanding potential source mechanisms of the ground
oscillations and the characteristics of the resulting signals. Here we examine the feasibility
of inducing persistent long-period seismicity by fluid flow through a crack in an elastic rock,
an idea first explored by Julian [1].

2 Characteristics of volcanic tremor

Long-period seismic signals near volcanoes can be of long duration and when a signal con-
tinues for several minutes or longer, it is called volcanic tremor. Shorter duration signals
with similar waveforms and frequency spectra (and perhaps similar source mechanisms) are
simply called long-period (LP) events. Tremor is a common precursor to volcanic erup-
tions and accompanies nearly all eruptions [2, 3] but the characteristics of tremor can vary
considerably. The signal may a) originate from hundreds of meters below the ground sur-
face down to as deep as 40 km, b) have a gradual or abrupt onset, c) be harmonic or
anharmonic, and d) last minutes, days or months [2]. Typically, the signal comes from
<10 km depth, emerges gradually in the time domain with a random distribution of sharp
peaks concentrated between 0.1-7 Hz in the frequency domain. There can be systematic
changes in tremor during eruptions including period-doubling, a phenomenon associated
with a transition from periodic to chaotic behavior of a non-linear system [4, 1].
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Figure 1: Sketch of the resonating fluid-filled crack model of Chouet [5, 6]. The two small
boxes in the center of the crack faces mark where the pressure disturbance that triggers
resonance is applied.

3 Models for generation of volcanic tremor

Given the range of tremor properties, depths of origin and association with all styles of
eruptions (explosive, effusive; magmatic, phreatic; passive degassing), there are proba-
bly multiple origins of volcanic tremor. Several mechanisms for tremor generation have
been proposed including bubble growth or collapse, jerky crack propagation, oscillations of
magma chambers, resonance of fluid-filled cracks and flow-induced oscillations of conduits.
For a review of tremor properties and potential source mechanisms, see [2]. Here we will
briefly discuss only two models: 1) the resonance of fluid-filled cracks [5, 6, 7] which is
probably the best-known and accepted model for long-period seismicity, and 2) the Julian
[1, 4] model of vibrations induced by flow through a slot with elastic walls, which is the
inspiration for our analysis.

Chouet [5, 6] proposed that the spectral peaks of tremor and LP events are the res-
onance modes of fluid-filled cracks. Chouet’s model simulates motion along the walls of
a rectangular fluid-filled crack in an infinite homogenous elastic solid that is excited into
vibrations by a pressure-time source function at a specified position on the walls (Figure
1). The equations of elastic motion of the crack walls are solved simultaneously with the
governing equations for fluid flow. The resulting far-field wavefield depends on the crack
dimensions, the position and size of the pressure disturbance, the elastic constants of the
solid (bulk modulus and rigidity), and the densities and sound speeds of both the solid and
fluid. Thus comparing model results to long-period seismic signals recorded at volcanoes,
Chouet and others [8, 9] infer parameters such as crack dimensions and sound speeds. There
are numerous potential sources of the pressure disturbance required to trigger resonance in-
cluding an earthquake, a new crack network connection, shock waves from “choked” flow
[10], or bubble coalescence leading to a rising gas slug [8]. These are all plausible sources of
LP-events, which decay after seconds or tens of seconds. However, tremor requires a distur-
bance that is sustained for minutes or even months and thus precludes transient resonance
triggers such as earthquakes. Sustained resonance could be caused by continued formation
of shock waves or gas slugs however these seem to require special circumstances and do not
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Figure 2: The lumped parameter model of Julian [1] for the generation of tremor by flow
induced oscillations. Fluid flows from one reservoir to another (each with constant fluid
pressure) via a slot of length L. The walls of the constriction each have a mass M , a
stiffness k, and a damping constant A.

explain the near-ubiquity of tremor during volcanic eruptions of all styles and compositions.
If fluid flow through a crack induced oscillations in the conduit walls, this could be

a source of sustained seismicity, lasting as long as flow continued at a sufficient speed.
Julian [1] explored this tremor mechanism using an approach similar to [11] for blood
flow through collapsible arteries. Julian set up a lumped-parameter model involving two-
dimensional flow of an incompressible Newtonian fluid through a slot-like constriction with
two movable walls (Figure 2). At each end of the constriction the conduit is wide enough that
it can be considered to be a fluid reservoir with constant fluid pressure despite oscillations
of the constriction. Each wall is modelled as a mass whose motion is controlled by a
spring representing the elasticity of the country rock, and a dashpot for anelastic effects
and radiation damping. The separation of the walls changes as a function of time only,
and thus the walls of the constriction are always flat and parallel. This model leads to a
third-order system of nonlinear ordinary differential equations. For different driving fluid
pressures, numerical solutions show stable steady flow, simple oscillations, period-doubling
cascades, or chaotic oscillations. Although the sample results presented by Julian involve
very high fluid velocities (45-110 m/s) and frequencies on the high end of tremor (∼5 Hz), his
lumped parameter model demonstrates that flow-induced oscillations are a potential source
of tremor and can explain observed non-linear phenomena observed at several volcanoes
[4]. Like Julian [1, 4], we consider vibrations induced by fluid flow through an elastic solid.
However, we take a mathematically more rigorous approach. Rather than using a lumped
parameter model with walls that are blocks with masses connected to springs and dashpots,
we assume the conduit is in a homogeneous elastic solid. We solve governing equations for
deformation in both the fluid and the solid, and match stresses in the two materials at their
interface (the walls). Unlike Julian, we allow the crack gap thickness to vary with both
time and position (along the direction of dominant fluid flow). We also consider a tube-like
conduit in addition to a slot-like geometry.
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Figure 3: The geometry of our model. An incompressible, Newtonian fluid flows through
a crack of length L and equilibrium gap thickness H in an elastic solid. Flow-induced
oscillations cause the thickness of the gap (2h) to vary in both x and time. Flow is two-
dimensional with flow field (u, v, 0) and u� v.

4 The fluid

We consider flow of an incompressible, Newtonian fluid through a crack of length L and
gap thickness H in an isotropic elastic solid (Figure 3). The coordinate system (x, y, z) is
set so that the crack is parallel to y = 0 and the two crack walls are at y = ±h(x, t) with
h = H

2 at equilibrium. Flow is two-dimensional with velocity field (u, v, 0). The governing
equations for fluid flow are conservation of momentum,

ut + uux + vuy = −
Px

ρ
+ ν(uxx + uyy), (1)

and

ut + uvx + vvy = −
Py

ρ
+ ν(uxx + uyy), (2)

and continuity (conservation of mass),

ux + vy = 0, (3)

where ρ is the density, P is the pressure and ν is the kinematic viscosity of the fluid. To
simplify this set of equations, we will take advantage of the small aspect ratio, ε = H

L
, of

the fluid-filled crack. We begin by non-dimensionalizing the equations, using

x = Lx̃, y = Hỹ, u = Uũ, v = εUṽ, t =
L

U
t̃ and P = [P ]P̃ , (4)
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Figure 4: Sketch of the wall for which h > 0 at equilibrium. A point in the elastic solid
with coordinates (x0, y0) at equilibrium has coordinates (x0 + ξ, y0 + η) when disturbed
by flow-induced oscillations. The dashed line is the equilibrium position of the fluid-rock
interface; y0 = 0 for all points on this line. When deformed this interface becomes the curve
h(x, t).

where ˜ indicates a dimensionless variable, U is the average fluid speed and [P ] = UνρL
H2 .

The resulting dimensionless momentum equations to order ε2 are

ε Re (ũt̃ + ũũx̃ + ṽũỹ) = −P̃x̃ + ũỹỹ, P̃ỹ = 0, (5)

where Re = UH
ν

is a Reynolds number using the crack gap thickness for the length-scale.
Dropping the ˜ notation, the dimensionless equations for momentum are

ε Re (ut + uux + vuy) = −Px + uyy, Py = 0. (6)

The base state is Px = uyy. Therefore at equilibrium (i.e., no flow-induced movement
of the walls), the non-dimensional pressure gradient and pressure are Px = −3 and P =
−3x, respectively. The equilibrium fluid thickness, H, is the wall separation caused by the
equilibrium fluid pressure. The pressure gradient driving flow will in fact cause the base
state to be a wedge-shaped crack. However, we assume H is independent of x, which is a
good assumption if the ambient (lithostatic) pressure is much greater than both the fluid
pressure and changes in lithostatic pressure along the crack.

The fluid stress tensor is

σfluid =

(

−P 0
0 −P

)

+ νρ

(

2ux uy + vx

uy + vx 2vy

)

. (7)

Using the continuity equation (3) and the scalings in (4), the non-dimensional fluid stress
is, to order ε2,

σfluid = [P ]

(

−P εuy

εuy −P

)

. (8)

5 The solid

We treat the country rock as an elastic solid. The coordinates of a point in the solid are
(x0 + ξ, y0 + η), where (x0, y0) is the undisturbed position and y0 = 0 at the wall. To
determine non-dimensional governing equations, we assume the wall moves a distance of
order εL = H and take H to be the unit of ξ and η, but L for x0 and y0:

x0 = Lx̃0, y0 = Lỹ0, ξ = Hξ̃, η = Hη̃. (9)
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Then, at the wall we have the non-dimensional relations

x = x0 + ε ξt(x0, 0, t), (10)

v(x, h, t) = ηt(x0, 0, t), (11)

u(x, h, t) = ε ξt(x0, t), (12)

and taking the non-dimensional location of the wall, h(x, t), to be h0 = 1 when not dis-
turbed,

η(x0, 0, t) = h(x, t) − 1. (13)

The constitutive equations for stress in the elastic solid are

σxx = λ(ξx + ηy) + 2µ ξx, (14)

σyy = λ(ξx + ηy) + 2µ ηx, and (15)

σxy = µ(ξy + ηx). (16)

Again omitting the˜notation, the non-dimensional stress tensor for the solid to order ε2 is

σsolid = µε

(

2ξx0
+ λ

µ
(ξx0

+ ηy0
) ξy0

+ ηx0

ξy0
+ ηx0

2ηx0
+ λ

µ
(ξx0

+ ηy0
)

)

. (17)

We are interested in seismic waves created by oscillations of the crack. We express the
elastic wave equations in terms of potentials, φ and ψ which are related to ξ and η by

ξ = φx0
+ ψy0

and η = φy0
+ ψx0

. (18)

The wave equations are
φtt = α2∇2φ and ψtt = α2∇2ψ, (19)

where α and β are compression and shear waves velocities, respectively. Using the average
fluid speed to non-dimensionalize the elastic wave speeds,

α̃2 =
λ+ 2µ

ρ U2
and β̃2 =

µ

ρ U2
, (20)

where λ and µ are Lame elastic constants (µ is called the shear modulus).
Fourier transform solutions to the wave equations are

φ =

∫

∞

ω=−∞

∫

∞

k=−∞

eikx0+iωt Φ(k, ω)
dk dω

2π
e−κα y0 , (21)

and

ψ =

∫

∞

ω=−∞

∫

∞

k=−∞

eikx0+iωt Ψ(k, ω)
dk dω

2π
e−κβ y0 , (22)

where

κα =

√

k2 −
ω2

α2
and κβ =

√

k2 −
ω2

β2
. (23)

To ensure that the waves are evanescent (decay as go to an infinite distance from the source),
we require that κα and κβ be positive.
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6 Matching fluid and solid stresses at the wall

Stress must be continuous across the fluid-solid interface. Therefore from (7) and (17), at
x = x0 + O(ε) and y0 = 0 (i.e., at the wall),

G

(

2ξx0
+ λ

µ
(ξx0

+ ηy0
) ξy0

+ ηx0

ξy0
+ ηx0

2ηx0
+ λ

µ
(ξx0

+ ηy0
)

)

(

−εhx

1

)

=

(

−P εuy

εuy −P

)(

−εhx

1

)

,

(24)
where

G =
µε

[P ]
=
ε3β2L

Uν
, (25)

and (−εhx, 1) is a vector normal to the wall. This gives

ξy0
+ ηx0

= O(ε) and G

(

2 ξy0
+
λ

µ
(ξx + ηy)

)

= −P + O(ε), (26)

indicating that normal stresses dominate over shear stresses on the wall. Thus the full
matching conditions at the wall are

x = x0, (27)

ξ = h− 1, (28)

u = 0, and (29)

P = −G

(

2 ξy0
+
λ

µ
(ξx + ηy)

)

. (30)

From these conditions and equations (18, 19), for wave-like disturbances,

P = G[h(x, t) − 1]β2

(

κ2
β + k2

ω2κα

)(

ω2

β2
− 2k2 +

4k2κακβ

κ2
β + k2

)

. (31)

For nonlinear stability analysis we calculate an equivalent Fourier Transform solution,

P =G

∫

∞

ω=−∞

∫

∞

k=−∞

eikx+iωtβ2

(

κ2
β + k2

ω2κα

)(

ω2

β2
− 2k2 +

4k2κακβ

κ2
β + k2

)

...

...

∫

∞

x′=−∞

∫

∞

t′=−∞

e−(ikx′+iωt′)[h(x′, t′) − 1]
dt′ dx′

2π

dk dω

2π
,

(32)

which for ω << α and ω << β simplifies to

P = 2G

(

α2 − β2

α2

)∫

∞

x′=−∞

[h(x′, t) − 1]

∫

∞

k=−∞

| k | eik(x−x′) dk dx
′

2π
. (33)

7 Linear stability analysis

7.1 Lubrication theory

We begin by considering the case where the crack gap is so thin compared to its length,
and flow is slow enough that εRe→ 0. Thus

Px = uyy, (34)
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which for a parabolic velocity profile and u = 0 at the walls gives

u =
1

2
Px(y2 − h2). (35)

We next integrate the continuity equation (3) in y and apply a kinematic boundary condi-
tion,

ht = v, (36)

to obtain

ht −
1

3

∂

∂x
h3Px = 0. (37)

Adding small perturbations in crack thickness and pressure

h = 1 + h′eikx+iωt and (38)

P = −3x+ P ′eikx+iωt, (39)

we solve (37) using P ′ determined from (31). The resulting linearized dispersion relation is

iω + 3ik +
1

3
k2β2G

(

k2 + κ2
β

καω2

)(

ω2

β2
− 2k2 +

4k2κακβ

k2 + κ2
β

)

= 0. (40)

The system will be unstable if there is a root for which the imaginary part of ω is negative
(I(ω) < 0). This is because iω = iR(ω) − I(ω) and so if I(ω) < 0 then eikx+iωt will grow
with time. For small k, roots are of the form ω = −3k + O(k3). If ω = −3k + ω(3)k

3, then

iω(3) ≈
Gβ2

27
√

1 − 9
α2

[

(

2 −
9

β2

)2

− 4

√

(

1 −
9

α2

)(

1 −
9

β2

)

]

. (41)

It is always true that β ≤ α (20). It is reasonable to assume that β > 3, which means that
the shear wave speed in the country rock (of order km/s) is more than triple the average
fluid speed in the crack. With these constraints, we find iω(3) ≥ 3G

β2

√

1− 9

α2

and iω(3) > 0.

Therefore, the imaginary part of ω is positive and instabilities will not grow with time.
For large k, roots of equation (40) satisfy

(

1 −
X

2

)2

−

√

(

1 −
β2

α2
X

)

(1 −X) = 0, where X =
ω2

β2k2
.

There are roots with I(ω) < 0 but none satisfy κα > 0 and κβ > 0 as required for
evanescence. There are Rayleigh waves propagating along the surface, though, with small
I(ω) ≥ 0, that become damped due to fluid viscosity.
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7.2 Averaged model

To allow Reynolds number (Re) dependence, while still taking advantage of the small crack
gap to length ratio, we average the velocity across the gap (i.e., in the y-direction). We
assume the fluid velocity in the crack is

u =
3

2
U

(

1 −
y2

h2

)

(42)

and thus has a parabolic profile with u = 0 at the wall (y = h), and an average velocity of
U .

The momentum equation (6) averaged over y is

ε Re

∫ h

y=0
ut + uux + vuy dy = −h Px + [uy]y=h, (43)

which, for u defined in (42), is

εRe

[

∂

∂t
(Uh) +

∂

∂x

(

6

5
U2h

)]

= −h Px −
3U

h
. (44)

Similarly the kinematic boundary condition (36) averaged over y is

ht +
∂

∂x

∫ h

y=0
u dy = 0, (45)

which gives
ht + Uxh+ Uhx = 0. (46)

Combining (38, 39, 44, 46) and

U = 1 + U ′eikx+iωt, (47)

gives the dispersion relation

iεRe

(

ω2

k
+

12

5
ω +

6

5
k

)

+ 9 +
3ω

k
− ikGβ2

(

κ2
β + k2

ω2κα

)(

ω2

β2
− 2k2 +

4k2κακβ

κ2
β + k2

)

= 0, (48)

which at Re = 0, reduces to the stable result from lubrication theory (40).
From asymptotic analysis for small k, roots of (48) at neutral stability are of the form

ω = −3k + ω(3)k
3 (49)

where

ω(3) = −i
εRe

k
+ i

Gβ2

27 fα

(

1 + f2
β

)

(

9

β2
− 2 +

4fαfβ

1 + f2
β

)

, (50)

and

fα =

√

1 −
9

α2
and fβ =

√

1 −
9

β2
. (51)
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Figure 5: Contours of the imaginary part of the frequency at intervals of 0.05 in a non-
dimensional wavenumber versus εRe plot. The non-dimensional α and β are set at 8 and
4, respectively. The thick dashed line is the calculated solution (equation 52) for neutral
stability of the system. As expected, this line coincides with the I(ω) = 0 contour. For
the parameters used to create this plot, the system is most unstable (fastest growth rate
of waves) at both k and εRe O(1). Equivalent plots with α and β one or two orders of
magnitude greater show similar patterns with the line of neutral stability matching equation
(52).
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Hence the waves are unstable if Re is large enough. At neutral stability, I(ω) = 0, which in
this case means I(ω(3)) = 0. Therefore the non-dimensional critical wave number, k̃cr (for
clarity we return to the˜notation to denote non-dimensional quantities), below which the
system is unstable is

k̃cr =
27εRefα̃

Gβ̃2
(

1 + f2
β̃

)

(

9
β̃2

− 2 +
4fα̃f

β̃

1+f2

β̃

) , (52)

which is equivalent to

k̃cr =

(

27 U4

ε β4

)

fα̃
(

1 + f2
β̃

)

(

9
β̃2

− 2 +
4fα̃f

β̃

1+f2

β̃

) , (53)

where β without the˜ is the true dimensional shear wave speed. Note that k̃cr = 1 corre-
sponds to a wave of wavelength equal to the length of the crack and the second fraction in
(53) is of order 1. Interestingly, k̃cr is proportional to the reciprocal of a Mach number to
the fourth power and does not directly depend on the fluid viscosity. Furthermore, from
(53) the system could be unstable at arbitrarily low εRe.

7.3 Long wave expansion

Typically, results from an averaged model are qualitatively correct with some error from
the averaging. To check the accuracy of the averaging results at small k we use asymptotic
analysis. We begin by defining stream functions that satisfy continuity

u = χy + U(y), v = −χx, (54)

where χ ∝ eikx+iωt. In terms of these stream functions, the momentum equation in x is

εRe

(

iωχy +
3

2

(

1 − y2
)

ikχy + 3ikχy

)

= −ikp̂+ χyyy. (55)

Solving for ω to order ε2 using

εRe =
∞
∑

n=0

R(n)k
n, ω =

∞
∑

n=1

ω(n)k
n, χ =

∞
∑

n=0

χ(n)k
n, p̂ =

∞
∑

n=1

p(n)k
n (56)

((n) are indices of summation constants) and ω = −kχ from the kinematic boundary con-
dition, gives

ω = −3k + i

(

1

3
P(1) −

6

5
R(1)

)

k3. (57)

Therefore at neutral stability

R(1) =
5

18
P(1), (58)

and

k̃cr =
6

5









27 U4

ε β4

fα̃
(

1 + f2
β̃

)

(

9
β̃2

− 2 +
4fα̃f

β̃

1+f2

β̃

)









. (59)
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Figure 6: Geometry for our model with a cylindrical conduit. An incompressible, Newtonian
fluid flows through a tube-like hole of length L and equilibrium diameter H in an elastic
solid. Flow induced oscillations cause the tube radius (h) to vary in both x and time. Flow
is two-dimensional with the along-tube velocity u much greater than the radial velocity v.

This result indicates that the across-gap-averaged model (53) is qualitatively correct but
off by a factor of 6

5 .

7.4 Cylindrical conduit

Magma mostly rises through the Earth’s brittle crust through fractures forming sheets of
magma. Lava sometimes erupts from linear fissures, however, flow is usually localized by
cooling, producing a cylindrical form at the top of the conduit. We assess the feasibility
of flow through a cylindrical conduit generating tremor using long wave theory as done in
section 7.3 for a crack.

We consider a fluid-filled tube of length L and diameter H in an elastic solid. The
cylindrical coordinate system (x, r, θ) is set so that the x-axis is in the center of the tube
and the solid-fluid interface is at r = h(x, t). Flow is two-dimensional with velocity field
(u, v, 0) (Figure 6). We nondimensionalize as for the crack problem (4) with x and y

replaced with z and r respectively. The non-dimensional governing equations for fluid flow
are conservation of momentum,

εRe(ut + uuz + vur) = −Pz +
1

r

∂

∂r
(rur), Pr = 0, (60)

and continuity,

uz +
1

r

∂

∂r
(rv) = 0. (61)

We take the velocity of the fluid to be

U(r) = 2 − 2r2, (62)

so that the average velocity is one and the profile is parabolic. We define stream functions

u =
1

r

∂

∂r
(rχ) + U(r) and v = −χz, (63)
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where χ ∝ eikx+iωt. Using Bessel functions, matching of stresses in the Newtonian fluid and
the elastic solid at their cylindrical interface gives

P = G[h(x, t) − 1]

(

2

ε
− ε ln(εκα)

β2

α2

(

α2

β2
− 2

)

(κ2
β + k2)

)

, (64)

and thus

P ≈
2G

ε
[h(x, t) − 1]. (65)

Long wave expansion using the kinematic boundary condition (36), indicates that neutral
stability for the cylindrical conduit occurs at

U2

β2
∼

1

εk
, (66)

for small k, in contrast to
U4

β4
∼ εk, (67)

for the planar conduit. As discussed further below (section 9) for realistic parameter values,
this result means that the cylindrical conduit is always much more stable to flow-induced
oscillations than the planar conduit.

8 Non-linear stability analysis

Results from linear stability analysis are not necessarily a good indicator of the behaviour
of non-linear systems. Our preliminary nonlinear analysis involves a periodic domain and
the gap-averaged model (section 7.2) with the physically sensible simplifying assumption
that ω << α and ω << β.

Given h(x), we use a Fast Fourier Transform to compute fourier coefficients for the series

h− 1 =
∞
∑

n=−∞

Ane
inx. (68)

Using these coefficients, the Fourier Transform solution for pressure at the wall for ω << α

and ω << β (33), and a Hilbert Transform, we have an expression for determining Px,

Px = iĜ

∞
∑

n=−∞

An n | n | einx, (69)

where Ĝ = 2G
(

α2
−β2

α2

)

. With this Px, inverted with a Inverse Fast Fourier Transform,

the differential equations for momentum (44) and the kinematic boundary condition (46)
are then solved by a MATLAB PDE solver (finite-difference method with standard time
integrator). The end result is the evolution of h as a function of time and position along
the crack (e.g., Figure 7). We varied both Ĝ and εRe by several orders of magnitude and
set initial random or sinusoidal (k =1 to 6) perturbations in either h or in fluid flux. We
found only simple, steady solutions; there was no complex behaviour such as multiplicity
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Figure 7: Results of a nonlinear simulation for εRe = 2 and Ĝ ≡ 2G
(

α2
−β2

α2

)

= 0.05

beginning with random perturbations in h. For these parameters, the linear growth rate is
greatest for k ∼ 6 (a). (b) shows how the amplitude for the non-linear simulation changes
with time (solid line). The broken lines illustrate growth rates for three k-values based on
linear analysis. Subplots (c) and (d) show amplitude as a function of time and space (the
horizontal axis is position along the crack of length L). The two subplots have different
greyscales to maximize the range of tones but in both cases dark=high and light=low. A
background speed of 2.5U was subtrated for more efficient computation and the apparent
reversal in wave propagation in (d) is not real. (c) is the first 20 seconds of the simulation.
Several waves form from the random perturbations. By 20 seconds it has coarsened to three
waves. (d) is the first minute of the simulation. Note the sudden coarsening to two waves
and then a single wave. The final wave has a very steep wave front (i.e., it is a roll wave).
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Figure 8: Plot of saturation amplitude versus εRe from non-linear analysis with a periodic

domain and Ĝ ≡ 2G
(

α2
−β2

α2

)

= 1. Amplitudes are normalized such that the equilibrium

crack thickness is 2. The low saturation amplitude near the critical Re above which the
system in unstable indicates a soft transition to instability (i.e., supercritical). This is unlike
the familiar subcritical nature of turbulence where there is a sudden jump in behaviour above
a critical Re.

or period-doubling. As shown in Figure 8, the transition from stable to unstable is “soft”
with low-amplitude saturation near the critical Re.

No matter the initial conditions, when unstable, the waves coarsen to the longest possible
wavelength (k = 1). Figure 8 shows an example where the linear growth rate, determined
from the across-gap averaged model dispersion relation (48) for ω << α and ω << β,

ω2 +

(

12

5
k +

3

iεRe

)

ω +
6

5
k2 +

9k

iεRe
− 2G

(

α2 − β2

α2

)

= 0, (70)

is greatest for k ∼ 6. After some adjustment at the start, the non-linear growth rate is
comparable to that for k = 6 and then decreases as the waves coarsen until finally the k = 1
wave becomes saturated. Coarsening indicates that the most unstable linear wave is not
necessarily that observed and the character of tremor may be given by the lengthscale of
cracks or crack constrictions. The Ĝ of 0.05 used in the simulation for Figure 7 is much
lower than expected for the volcanic system but was chosen to demonstrate coarsening.
In the real volcanic system, the highest growth rate is probably k ∼ 1 or k ∼ 2 and the
coarsening behaviour (transition to lower k until k = 1) is less evident.

9 Back to volcanoes

Our linear stability analysis suggests that for flow through a crack in an elastic solid,
flow-induced oscillations are possible at arbitrarily low, non-zero Reynolds numbers. Fur-
thermore, the stability of the system depends on the crack aspect ratio, fluid speed and
elastic wave speeds. However, to this point we have not considered the physical parameters
relevant to volcanic tremor. From (53), the range of wavenumbers and Reynolds numbers
for which the system is unstable expands (to lower k and Re) if the crack thickness to length
ratio or the shear wave speed in the rock are decreased. To assess the feasibility of our model
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Figure 9: The curve on this plot of non-dimensional wavenumber versus average fluid ve-
locity represents neutral stability for flow through a crack with aspect ratio ε = 10−4 in a
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for generating volcanic tremor we consider ε = 10−4 and β = 2 km/s, which are at the low
end of physically possible parameters. We require that the nondimensional wave number,
k̃, be at least 1 which corresponds to a wavelength equal to the length of the crack (4).
Figure 9 shows that even using these relatively low ε and β values, average fluid velocities of
order 10 m/s or greater are needed to induce oscillations. Thus the feasibility of the model
reduces to the feasibility of fluids flowing at speeds of order 10 m/s through cracks beneath
volcanoes. Stability does not depend directly on viscosity but the more viscous the fluid,
the greater the pressure gradient needed to drive flow at a given velocity through a crack
with a given aperture. The required conditions of high flow speeds through thin cracks are
most easily achieved for low viscosity fluids such as convecting groundwater or vapors and
supercritical fluids exsolved from magma. There is potential for tremor triggered by such
fluids to be common because aqueous fluids are present at all volcanoes and eruptions of
magma are typically preceded by increased gas emissions.

To what depths are aqueous fluids present? There is growing evidence from volcanic gas
emissions as well as the chemistry of crystals and pockets of melt trapped inside crystals,
that magmas in storage regions kilometers below volcanoes are often saturated in volatiles
(mixtures of H2O, CO2, etc.) [12]. For example, melt inclusions in quartz crystals indicate
that the magma that became the Bishop Tuff (Long Valley, California) exsolved enough
volatiles to comprise 30% by volume of the magma prior to rapid ascent and eruption
[13]. Because of the low viscosity and density of the volatile phase, and the increased
fluid pressure caused by its formation, a portion of this supercritical aqueous fluid likely
rose through cracks in rock above the magma. Further evidence for aqueous fluid flow at
several kilometers depth is preserved in porphyry deposits. The porphyry copper-gold mine
in Butte Montana for instance, contains countless veins formed by aqueous fluids flowing
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through rock fractures that were once about 7 km beneath a volcano [14].
Typically one does not expect there to be a free volatile phase below 10 km depth because

the solubility of volatiles in silicate melts increases with increasing pressure. However,
saturation at great depth is possible if there is sufficient CO2 in the melt. To take an
extreme (and exceedingly rare) example, kimberlite magmas, the most common source of
diamonds, are thought to contain about 30% CO2 by weight and saturate in volatiles at
about 150 km depth. The deepest reported tremor originated about 40 km below Kilauea
Volcano, Hawaii [15] in the 1970’s. Recent data on gas emissions from the summit of Kilauea
[16] show a surprisingly high CO2 emission rate (≈ 8.5×106 kg/day), which, in conjunction
with information on the chemistry and supply rate of the magma, indicates that the basalt
contained about 0.7 % CO2 by weight and saturated in volatiles at about 0.95 GPa. For
inferred crust and upper mantle densities [17], this means that volatile exsolution from the
magma to form a low viscosity, low density fluid, could occur about 30 km under Kilauea
[16]. Although not as deep as the deepest tremor reported by Aki and Koyanagi, the data
of Gerlach et al. open the possibility that a volatile phase played a role in generating
the deep sustained vibrations below Kilauea. It is possible for there to be a free volatile
phase at greater depths than 30 km without invoking greater bulk CO2 contents in the
basalt. Crystallization of basalt concentrates CO2 in the melt because the crystals contain
negligible CO2. Thus, substantial crystallization of basalt stalled at 40 km depth could
leave a residual melt that is saturated in CO2. Pressure increase from the exsolution of a
low-density fluid could cause fractures in the overlying rock through which the CO2-rich
fluid escapes. In fact sudden onsets to the deep tremor at Kilauea reported by [15] are what
allowed Aki and Koyanagi to locate the source depths. We conclude that flow of aqueous
or CO2-rich fluids is a plausible source mechanism for volcanic tremor in the upper several
km of crust where most tremor is generated as well as deep tremor for magmas with high
CO2 contents.

It is also possible that magma transport could generate tremor in the upper crust dur-
ing explosive eruptions and fire-fountaining as exit velocities for these eruption styles can
reach hundreds of m/s and 50 m/s, respectfully [18, 19]. However, the viscosity of magma
(10 to 1012 Pa s) makes sustained velocities of 10 m/s unreasonable for subsurface magma
flow that is not coincident with, or immediately preceding, eruption of magma at the surface.
Very thick dikes reduce the resistance to flow and thus may allow large magma velocities
but our scaling of the problem (4), combined with the frequencies of volcanic tremor, limit
the size of the crack. The characteristic time scale is t = L

U
, and as the period of tremor is

typically seconds, the length of the crack (in m) cannot be more than an order of magni-
tude greater than the average fluid velocity (in m/s). To keep the minimum fluid velocity
required for flow-induced oscillations down to O(10 m/s), we used ε = 10−4. With our
time-scale constraints, the crack could be as long as O(100 m) which gives a crack thick-
ness of only O(1 cm). For laminar flow of basalt with µ = 100 Pa s, this corresponds to
a pressure gradient of O(108 Pa/m) and decompression rate of O(109 Pa/s), values which
are probably only reached by rapid bubble expansion and fragmentation at shallow levels
during explosive eruptions. Therefore, linear stability analysis suggests that magma trans-
port is unlikely to generate flow induced oscillations except at shallow levels (perhaps top
2 km) during explosive or fountaining eruptions. If a low viscosity fluid is required for
deep tremor, this could explain the general lack of long period seismicity in recharge zones
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beneath intermediate and silicic volcanoes where there is magma movement but the magma
is not saturated in volatiles.

Our analysis indicates that some fluids, conduit geometries and eruption styles are more
likely to cause tremor by flow-induced oscillations than others. In particular, we found that
planar rather than tube-like fluid conduits, small thickness to length ratios of conduits,
and high fluid speeds are factors that tend to generate flow-induced tremor. Except for
shallow seismicity during explosive or fountaining activity, for realistic pressure gradients,
maintaining sufficient fluid speeds (>10 m/s) to induce oscillations requires sustained flow
of low viscosity aqueous or carbonaceous fluid rather than magma. These conclusions from
stability analysis are consistent with observations by McNutt [3] in a study of tremor from
50 eruptions at 31 volcanoes comparing tremor characteristics and corresponding eruption
parameters. McNutt lists four trends in the data:
“1) large eruptions produce stronger tremor than small ones;
2) fissure eruptions produce stronger tremor than circular vents for the same fountain height;
3) eruptions with higher gas content produce stronger tremor than those with low gas
content at the same volcano; and
4) phreatic eruptions [eruptions that eject broken rock and vapor but no magma] produce
stronger tremor than magmatic eruptions [eruptions that do eject magma] for the same VEI
[Volcanic Explosivity Index, a measure of the magnitude and intensity of an eruption].”
Therefore, flow-induced oscillations are a plausible source mechanism for volcanic tremor
that is consistent with observations from volcanoes.

10 Future work

There are several possible avenues for future research. These include fluid compressibility,
non-linear analysis with a non-periodic domain and application of results to other systems.
Perhaps the simplest and most obvious is to add fluid compressibility. We concluded that
flow-induced tremor is most readily generated by flow of vapors and other aqueous fluids
through cracks. The compressibility of these fluids will be significant at pressures in the
first few kilometers below volcanoes and thus we will incorporate compressibility in the
across-gap averaged model.

Further non-linear analysis is required. Our preliminary model involving a crack with a
periodic domain may not be adequate as it does not produce period doubling, a non-linear
phenomenon observed at several volcanoes. The difficulty in treating the fluid conduit as a
slot with a non-periodic domain is setting the boundary conditions.

In addition to volcanic tremor, the generation of oscillations by flow past a deformable
material has applications in diverse fields such as physiology [11] and drag reduction in
gel-lined tubes and other surfaces [20]. It would be interesting to examine our results for
conditions relevant to these applications (e.g., much lower elastic velocities).
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